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Chapter 1

Motivation Example

Example 1.0.1 (Branching process). 1. Z,: number of people of nth generation
2. X! number of offspring the ith person in nth generation has
3. Assume X" are iid (independent identically distributed).
Zpyr = X{H + X0 4 4 XM
Assume Zy = 1. What is the extinction probability 7 for given X?

r=P3nst. Z,=0)

Generating function of X

F(0) =E[p¥] =) 6% Pr(X = k).

keZ

We have
fa(80) = E[67"].

What we want to know is that 7, = Pr(Z, = 0).
Claim 1.0.2. 7 = lim,,_,o, 7™,

We can prove this by Dominated Convergence Theorem.

Claim 1.0.3. f,11(0) = f.(f(0)).

Proof. By law of total expectation, we have

fat1(0) = E[E[07+ | Z,]]

B[ HXE T XE )

[F(0)7"]
1(8)).

| I
-~ 5 H
—~ =

Now we have 7, = f,,(0) = f,—1(f(0)) = f(fn-1(0)) = f(mn—1). Since f is continuous, we have

m = f(m).

Theorem 1.0.4. If EX > 1, then 7 is the unique solution to z = f(x) that lies (0,1). If EX < 1, then
T =1



Can we describe more precisely what happens to Z,, as n — 0o?
Observation 1.0.5. Z;, Z,, ... is a Markov chain.
Pl"(Zn+1 :j | ZQ = ig, ey Zn = Zn) = PI'(Z,H_l = j | Zn = ’Ln)7

and we have
E(Zy1=7| %20, Zn) =E(Zns1 | Z0)

Observation 1.0.6. Define M,, = Z—Z and p =EX ie. E[M, | M,_1] = M,_1. M, is a martingale.

Proof.
Z”L
E[Mn | Mn—l] = E[i | Zn—l]
fin
1

= —E[X7™ + X3 -+ X5 | Z]

_ anl Y
fin

= n—1-

By Martingale Convergence, My, (w) = lim,, o M, (w). Then M,, — M., a.s. O

Example 1.0.7. if X ~ Geom(p), P(X =k)= (1 —p)*pfor 0 <p < 1.
How do we know which solution is it?
Ifﬁzl <— p2%so7r:1. If&<1so7r=?.



Chapter 2

Preliminaries

2.1 Measure

Definition 2.1.1 (Probability measure). Let Q) be a sample space. A probability measure on () is a
function P : 2% — [0, 1] s.t.

1. P(Q) =1

2. If {E;}52, in 2% are disjoint, then
P (U2, E)) =) P(E))
=1

Definition 2.1.2 (Field). A collection F C 2% is a field if
1. Qe F
2. It E € F, then ¢ € F
3. It EBy,...,E, €F, then U}, € F.
Definition 2.1.3 (o Field). A collection F C 29 is a field if
1. Qe F
2. It E € F, then ¢ € F
3. If {E;}32, is a countable set of events in F, then U2, E; € F.

Lemma 2.1.4. If [ is any index set and {F; : i € I} are o-fields over €, then N;_;F; is a o-fields.

Proof. Just check the definition of o-fields. O

Proposition 2.1.5. Let £ C 2 be any collection of subsets of €. There exists a unique smallest o-field
o(€) that contains £. This o-field is called the o-field generated by £.

Proof.
(&) = ﬂ{]—" : Fis a o — field over Q s.t. £ C F}.
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Definition 2.1.6. Let X be a topological space (e.g. Euclidean space R?). The Borel o-field on X,
denoted by B(X), is the o-field generated by the collection of open subsets of X, that is,

B(X)=0({U C X :U isopen}).
The elements of B(X) are called Borel sets.

Fact 2.1.7. Let d € N and let X = RY equipped with the Euclidean topology. Then every open set
U C R? can be written as a countable union of open balls, that is,

U= G B(x;,1;)
i=1
for some sequences {x;}22, C R? and {r;}32, C (0, 00). Consequently, the Borel o-field on R? satisfies
BRY) =o({B(z,r):z €R? r>0}).
In particular, for d =1,
BR)=0({(a,b):a<b})=0c({[a,b):a<b})=0({(a,b]:a<b}).
Definition 2.1.8. Measurable space: (£2.F) where §2 denotes any set, and F is o-field.

Definition 2.1.9. Let (£2, F) be a measurable space. A function p : F — [0, 00] is called a measure if it
is countably additive, that is, for any sequence {E,}2, C F of disjoint sets,

u(D En) = iu(En)-

n=1 n=1

The triple (€2, F, u) is called a measure space. If 4(€2) < oo, then p is called a finite measure. If u(Q) = 1,
then p is called a probability measure, and (€, F, ) is called a probability space.

Theorem 2.1.10. Let (€2, F) be a measurable space. If p is a measure on (£, F) and a > 0, then the
function ap : F — [0, 00] defined by

(ap)(B) = ap(E),  EcF,

Is a measure.
If {11;}52, is a countable family of measures on (€2, F), then the function y : F — [0, 00] defined by

w(E) = Zuj(E), E e F,

Is a measure.
Theorem 2.1.11 (Basic Properties). Let (€2, F, ) be a measure space.
1. Monotone: If A, B € F and A C B, then

1(A) < pu(B).
2. Rule of addition: For any A, B € F,
H(AUB) + (AN B) = p(A) + u(B),

and in particular,
1(AU B) = pu(A) + u(B) — n(AN B).
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3. Subadditive: If {B,}%°,; C F, then
p (U Bn> <> u(By).
n=1 n=1

We should construct genuine measures.
Definition 2.1.12. The pair (£2,.4) is called a premeasurable space if A is a field over .

A countably additive function p : A — [0, 00] is called a premeasure, that is, for any sequence { F;}2, C
A such that |J;2, E; € A and the sets E; are pairwise disjoint,

(08 - 3oue
i=1 i=1
If a function x : A — [0, 00| satisfies finite additivity, that is,
X(AUB) = x(A) + x(B) for all disjoint A, B € A,
then x is called a finitely additive measure.

Proposition 2.1.13. Let (92, A, x) be a finitely additive measure space. Let {4;}3°, C A be a sequence
of pairwise disjoint sets such that A =J;°, A; € A. Then

x(A4) > ZX(AD-

Proof. Fixn €N, and U], 4; € Aor C A. Then we have
X (Ui 4i) < x(A).

where A; are disjoint with each other, we have

D x(A) < x(A) = lim D x(Ay) < x(A).

i=1

Definition 2.1.14. A S C 29 is semi-algebra or elementary class if the following conditions hold:
L.0eS8
2. A, BeS,then ANBeS
3. If A€ S hten A€ is a finite disjoint union of elements from S.

Proposition 2.1.15. Let Q be a set and let S C 29 be a semi-algebra over 2. Then the field A(S)
generated by S is equal to the collection of all finite disjoint unions of sets from S.

Proof. 1 0
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Proposition 2.1.16. Let € be a set and let S C 2 be a semi-algebra over 2. Let y : S — [0,00] be a
finitely additive set function, that is,

X(EUF)=x(E)+ x(F) for all disjoint E, F € S.

Then y extends uniquely to a finitely additive measure on the field A(S) generated by S. The extension
is given by

X(A) = Z X(E;), whenever A = |_| E;
i=1

=1

for pairwise disjoint sets F1,..., E, € S.
Denote semi-algebra as S, field as 4. Understanding:

1. Before constructing the countably additive measure, we need to construct the premeasure that is
defined the function on the field

2. Firstly, we choose the interval (a, b] or By(R), which is also called semi-algebra.
3. Constructing the field DU(S).

4. Semi-algebra + function xr((a,b]) = F(b) — F(a), and the finitely additive function extends to
a unique finitely additive measure on the field A. But we need continuity to make sure it is a
premeasure.

2.1.1 3.1 Stieltjes-Premeasure

Theorem 2.1.17. Let F' : R — R be a nondecreasing function and let xp be the finitely additive set
function on the field Bj(R) defined by xr((a,b]) := F(b) — F(a), =00 < a < b < o0, and extended to
B (R) by finite additivity.

Then xr is a premeasure on By(R) if and only if F' is right-continuous on R, that is,

lgg)l F(a+9)=F(a) foralla€eR.

Proposition 2.1.18. Let S C 2 be a semi-algebra. A finitely additive measure x : A(S) — [0, 0] is a
premeasure if and only if it is countably subadditive on &, that is, whenever
E=|JEj eS8 withE; €8,
j=1
one has

X(E) < Zx(Ej)-

2.2 Random Variables

Definition 2.2.1. 1. (Q,.4) and (€, B) are measurable spaces. X : 2} — 25 is a measurable mapping
if
X' B ={XeB}c A VBecB.

2. X is a measurable function if (Q.w) = (R”, B(R")) in (a).
3. X is a Borel measurable function if ;.4) = (R™, B(R™)) and (Qs.w) = (R™, B(R")).
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Theorem 2.2.2. X : (Q;, A) — (Q,B) is measurable mapping if B = ¢(C) and X }(C) € A for all
CeC.

Theorem 2.2.3. If X : (1, A41) = (2, As) and [ : (2, 42) — (23, A3) are measurable mappings, then
f(X)=7f-X:(Q,A4) — (Q3,A3) is also measurable.

Definition 2.2.4. A random variable X is a measurable function from (Q, 4) — (Q,B) < {X € B} =
X~1(B) € A for all Borel sets B € B.

There is an other definition of random variable

Definition 2.2.5. A random variable X is a measurable mapping from (€2, .4,P) to (R, B,P) such that
P(|X] = 00) = P({w : [X(w)] = oc}) = 0.

Theorem 2.2.6. X is a random variable from (2, 4) to (2, B), (i.e. € A) if and only if {X <z} =
XY[—o0,z]) € Afor all z € R.

Proof. =: Suppose X is a random variable from (Q,.4) to (Q,B). By definition 2.2.1, we know that X ~1(B) € A.
Suppose B = (—o0, x] (because the Borel set is constructed by open intervals in R). Then we have

(X <2}={weQ: X(w) <z}=X""[-o0,z]) € A

<: Suppose we have {X < z} = X 1([—00,z]) € A for all z € R. Suppose C = {[~o00, 7] : z € R}. We know that
Borel algebra is generated by open intervals, then B = ¢(C). We have

XHC) = X"[~o00,2]) € A.

Hence,
X~YB)=X"10(C)) C A.

By theorem 2.2.2, we know that X is a random variable from (92, A) to (£2, B). O

2.3 Expecation and Integration

Theorem 2.3.1. Given a nonnegative r.v. X, there exists simple r.v.’s 0 < X; < X5 < ... such that
Xp(w) T X (w).

Proof. O

Theorem 2.3.2. X >0, then EX =0 <— X =0 a.s..

2.4 L!and LP

Definition 2.4.1. £! convergence means that

lim E[|X, — X_o|] = 0.

n—oo



Chapter 3

Conditional Expectation

3.1 Jan 14

by Tatiana (Tanya) Brailovskaya

Definition 3.1.1 (Conditional expectation). Suppose X : 2 — R is a random variable on the probability
space (€2, Fo,P) and X is integrable (E[|X|] < o0). F C Fy is a sub-o-field. We call r.v. Y — 2 — R the
conditional expectation of X given F if is satisfies two conditions:

1. Y is F-measurable (or Y € F)
2. E[X14] =E[Y1y] forany Ae For [, XdP = [, YdP.
Intuition 3.1.2. E[X | F] is a projection of X onto the space of F-measurable r.v.’s.

Claim 3.1.3. E[X | F] exists and is unique (i.e. if Y and Y’ satisfy definition 3.1.1, then Y =Y" a.s.; we
call Y, Y’ "versions” of E[X | F]).

Lemma 3.1.4. If Y is a version of E[X | ], then E[|Y|] < oo which means Y is integrable. Hint: show
that E[|Y]] < E[|X|].

Proof. Let A={Y > 0} € F. By definition 3.1.1, we use the second condition:

/YdP:/XdP§/|X|dIP’

A A A

/ —Yd]P’:/ —XdIPg/ | X |dP.
Ac Ac Ac

Hence, we have E[|Y|] < E[| X]]. O

Uniqueness of conditional expectation. Suppose Y’ also satisfy the 3.1.1, then we have
/Ysz/Y’dIP’ for all A € F.
A A
We consider the set A=Y — Y’ > ¢ > 0. We have
0= / X —XdP = / Y —Y'dP =E[(Y —Y")14] > E[ela] = cP(A).
A A

Hence P(A) =0, and Y =Y" a.s. O

Definition 3.1.5 (Absolutely continuous). v is absolutely continuous with respect to u (v < p) if u(A) =
0 implies v(A) = 0.

11
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Definition 3.1.6 (o-finite measure). pu is a o-finite measure on (€2, F) if there exists a partition of € into
Ay, Ag, ... so that u(A;) < oo for every i.

Theorem 3.1.7 (Radon-Nikodym). Let p and v be o-finite measure on (Q, F). If v < p, there is a
function f € F so that for all A € F

dv
/Afdu—V(A), f:@.

Existence of conditional expectation. Suppose X > 0. Because we are looking for Y so that for any A € F

/YdIP’:/XdIP’.
A A

V(A) = /A XdP.

Now we should verify v < P and v is o-finite measure. v()) = [, XdP = 0, and it also satisfies countable addtive
condition. Hence, v is o-finite measure.
v is a o-finite measure on (2, F) and v < P. By theorem 3.1.7, we can find a F-measurable function f s.t. for any

AeF
/Afd]P’:u(A):/AXd]P’.

Define

O

Example 3.1.8. Suppose X, Z r.v.’s are joint probability density function (pdf) fx z(z,z) and E[|X|] <
oo. Then, we define conditional pdf:

I

fxiz(z | 2) = fz(2)

w7 fZ(Z) 7& 07
0, fz(Z) =0

9

we define

Y(z2)= /R.:Efx|z(x | 2)dx.

We show that Y (z) is a version of E[X | o(Z)].
For any A € 0(Z)

IRCEC ( / xfxzmz)dx) @)tz = [ [ uate s

Proof. First, Y is Borel measurable as a pointwise (a.e.) ratio of measurable functions integrated over z, and Y (Z) is
o(Z)-measurable. Moreover, by Tonelli’s theorem® and E[| X|] < oo,

/R YV ()| f2(2) d= < / / 2] Fxz(x | 2) de f7(2) dz = / / 2] fx.2(, 2) da dz = E[|X]] < oo,
so Y(Z) is integrable.

Let A € 0(Z). Then there exists a Borel set B C R such that A = {Z € B}. Using Fubini’s theorem® and the
definition of fx|z, we compute

BY(2zen] = [ Y@ 2@t = [ ([afvztal i) stz = [ [ o fxate ) doa

On the other hand,

E[X1{zeny) :/R/Rxl{ZeB}fX,Z(x,z)dxdz:/B/wax,z(x,z)dxdz.
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Therefore, for every A € 0(Z),
E[Y(Z)14] =E[X14].

By the defining property of conditional expectation, this implies that Y (Z) is a version of E[X | Z]. O

%] don’t what is this theorem
bT should check this theorem

Proposition 3.1.9. X is ar.v. on (Q, F,[P). Assume E|X| < oo, and G, H are sub-c-algebras of F.
1. If Y is any version of E[X | G] = E[Y] = E[X].
2. If X is G-measurable = E[X | §] = X a.s.

3. Linearity: Ela1 X7 + a2 Xs | G] = aiE[X; | G] + :E[X3 | G]). Then a; X7 + a2 X5 is a version of
E[a1X1 + CL2X2 | g]

4. Positive: If X > 0, then E[X | G] > 0 a.s.
5. Conditional MCT: If 0 < X, 1 X, then E[X,, | G] T E[X | G] a.s.
6. Conditional Fatou’s Lemma: If X, > 0, then E[liminf X,, | G] < liminf E[X,, | G] a.s.

7. Conditional DCT: If | X, (w)| < V(Q) for any n, E[V] < co and X,, — X a.s. then E[X,, | G] —
E[X | G] a.s.

8. Conditional Jensen’s: If ¢ : R — R is convex and E[c(X)] < oo then E[e(X) | G] > ¢(E[X | G]) a.s.
9. Tower property: F; C Fo

EEX | /| Al =EX[A],  EEX|F|F =EX]|FA]

Question: TIs it true for any F7, Fo? Of course not (give an example), we can think Q = {a, b, ¢} with
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Martingales

4.1 Prepare

We introduce some definiton of martingale. There is a definition of superharmonic. When we talk about
superharmonic, we can start with a 1 dimension. The function is concave, then, the value of function
at the specific centor point x will be larger than the average value of the function calculated over a ball
surrounding that centor point.

4.2 Jan 21

by Tatiana (Tanya) Brailovskaya
Warm-up (Durrett, Exercise 4.1.5): For r.v. X and o-algebras Fi, F3 s.t. F; C F, then by Tower
Property

]E[E[X‘f2]|f1]:E[X‘f1]a E[E[X‘lefﬂzE[X‘fl]-

Give an example on ©Q = {a,b,c} on which the above equation is not true. Suppose X(a) = 1, X (b) =
2,X(c) =3, Fr = {{0},{Q}, {a}. {b,c}}, and Fo = {{0}, {Q}, {b},{a,c}}. We need to compute the
E[E[X | Fi] | 2], and E[E[X | F] | F1]. Assume P(a) = P(b) = P(c¢) = 1/3. First we need to compute
E[X | F1]. By f{a} XdP = X (a)P(a), and f{a} YdP =Y (a)P(a)

BLX | Al = 002 =1 BIX | A0 = BIX | Al = SO a5
Suupose Y(a) = 1,Y(b) = Y(c) = 2.5. Then we have
Y(a)1/3+Y(c)1/3 _

E[Y | Fo](b) = 2.5, E[Y | F(a) = E[Y | F)(c) = 1.75.

2/3

Hence, we have E[E[X | Fi] | Fo] = (1.75,2.5,1.75). In the same way, we can compute E[E[X | F2] | Fi].
Martingales (also sub/super martingales) are from gambling definitions. Examples

Definition 4.2.1. We call a collection of o-algebras: F = {F,}22, a filtration if F,, C F,, ;1. A sequence
of r.v.’s { X, }22, is adapted to F if for every n, X,, is F,, measurable. If X,, further satisfies

1. E|X,| <o
2. E[X, | Foot] = Xus

then X, is a martingale and if instead of (2)

14
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1. E[X, | Fro1] < X,1 = {X,} is supermartingale.
2. E[X, | Foo1] > X,o1 = {X,.} is subermartingale.

]
Example 4.2.2 (Random Walk). Let Yj,....Y, be iid r.v’s. S, = Sy + D1, Y; and Sp is a constant.
Fo=01,...,Y,), Fo={0,Q}. {F.}22, is a filtration, and S, is adapted to it.
Assume E|Y]| < 0o = E|S,| < oo, we have

n n—1
B[Sy | Foot] =E[So+ ) _Yi| Fact] = So+ Y _Yi+E[Y, | Faoi].
=1 =1 E[Yvn]
Sn—l

If E[Y,] = 0, then S, is a martingale. If E[Y,] <0, then S, is a supermartingale. If E[Y;,] > 0, then S, is
a subermartingale.

Example 4.2.3. Let Yi,...,Y, be iid r.v’s. M, = [[_,Y; and Sy is a constant. F,, = o(¥1,...,Y,),
Fo=A{0,Q}. {F.}22, is a filtration, and M,, is adapted to it.
Assume E|Y;|?> < oo = E|M,| < co, we have

n n—1
E[M, | Forl = E[[ [ Vi | Fucd] = [[ VE[Y)-
=1 =1

If E[Y,] =1, then M, is a martingale. If E[Y,] < 1, then M, is a supermartingale. If E[Y,] > 1, then M,
is a subermartingale.

Claim 4.2.4. If X, is a supermartingale, then for all n > m, E[X,, | F,,] < X,

Proof. Because X, is a supermartingale, we have E[X,,,11 | Fin] < X,,,. We just need to let n = m+ k, k > 2.

E[Xm+k | fm] = E[E[Xm+k | }-erkfl] | -Fm] < E[Xerkfl | fm}

Corollary 4.2.5. 1. if X,, is submartingale, then for every n > m, E[X,, | F,,] > X,
2. if X,, is martingale, then for every n > m, E[X,, | F,,| = X,

Definition 4.2.6 (predictable sequence). For a fltration {F,,}5°,, we call a sequence of r.v. {H,}>? a
predictable sequence if H,, is measurable w.r.t. F,_1.

Is a predictable sequence adapted? H, is F,_; measurable = H, is F,, measurable. For any random
variable that is measurable w.r.t. F,,_; is automatically measurable w.r.t. to the larger o-algebra F,.

Example 4.2.7 (Example). At each round, you bet a stake X $ then w.p. p you win bet X § and w.p.
1 — p you lose stake X $.

1. X,: net winnings after n rounds if you bet 1 $ each time
2. H,: amount of money your stake in round n + 1

3. (H - X =3 ey Hn( X = Xona)

4. if (H - X),, is a submartingale = E[H - X],, > 0.

Theorem 4.2.8. Let X,,, n > 0 be a supermartingale. If H,, > 0 is predictable and each H,, is bounded.
Then (H - X),, is a supermartingale.
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Proof.

E[(H - X)pt1 | Fo] = (H - X)p + E[Hpp1 (Xnt1 — Xn) | Tl
(H : X)n + Hn+1E[(Xn+1 - Xn) | ]:n]

IN

Definition 4.2.9. We call a r.v. N with values in {0,1,2,...} stopping time if {N =n} € F,.

Theorem 4.2.10. If N is a stopping time and X, is a supermartingale, then Xy, is a supermartingale.

Proof.

XN/\n = Z Hm(Xm - Xm—l) +X07
m=1

and Hm = ]lNZm-
We want to show that E[Xyapn | Fno1] < Xnan—1. We have

Xnan = XNan—1 + Hp(Xp — Xp1).
Then we
E[XNnan | Fro1] = E[XNan-1 + Ho(Xn — Xn—1) | Faz1] = Xvan—1 + HoE[( Xy, — Xpi1) | Froal].
Since N is stopping time and X, is a supermartingale, we have H,E[(X,, — X,_1) | Fn_1] <0. Thus, we have

IE[)(N/\n | fn—l] S XN/\n—l-

4.3 Jan 26

by Tatiana (Tanya) Brailovskaya

Warm-up (Durrett, Exercise 4.2.2): Give an example of a sub-MG X,, s.t. X2 is a super-MG.
Hint: X,, doesn’t have to be random.

Maybe we can let X,, = —2, then we have X? = 5. (Assume F,, = {0, Q}).

Theorem 4.3.1 (MG Convergence Theorem). If X, is a sub-MG s.t. sup, EX;" < oo, then X,, — X a.s.
for some X with E|X| < oo.

Before proving 4.3.1, we introduce upcrossing inequality.
Recall: Suppose X,,, n > 0 is a sub-MG. Let a < b and Ny = —1. For k > 1, let

Nop_1 = mf{m > Nop_g 1 X, < (l}, Ny = 1nf{m > Nop_1: X, > b}
Theorem 4.3.2 (Upcrossing Inequality). If X,,,m > 0 is a sub-MG, then
(b — a)Eu, < E[X, —a]" —E[Xy —a]"

Proof. Let Y,, = a+ (X,, —a)T is a sub-MG, and Y,,, makes the same number of upcrossings of [a,b] on X,,. Then we
have
1, if Nop_1 < m < Ngg for some k,

H, = ,
" { 0, otherwise.
and H,, is a predictable sequence. Then we have (total profit is more expensive than upcroosing)

b—a)u, <(H-Y),.
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Let K,, =1— H,,, we have

n

Yn_YO:(H'Y)n"f'(K'Y)n:Z(Yi_Yifl)'

i=1

Because (K -Y), is a sub-MG, then E[K -Y],, > E[K - Y]o =0, and E[H - Y], < E[Y,, — Y;]. Combining the equations,

we have

(b — a)Eu,, < EY, — EYj.

17

Now we can prove 4.3.1.

Proof. Let (X —a)*™ < Xt + |a|. By upcrossing inequality 4.3.2, we have

la| + EX T

Eu, <
tn = b—a

Then sup,, Eu,, < co. Because u,, is a monotonically increasing sequence, then u, — v a.s. And Eu < oo, u < 00 a.s.

Now we consider the probability

P (Ugpeof{liminf X,, < a < b < limsup X,,}) =0.°

Then we have liminf X,, = limsup X,, i.e. X =1im X,, a.s.
Now we shoule show E|X| < co. We write

X, =XI-X, X=X"-X".
Suffices to check that EX+ < oo and EX~ < oo. By Fatou’s Lemma, we have
E[lim inf X;] <liminf E[X};] < .

In the same way, we have

Elliminf X ] < liminf E[X 4] < oo.

And
EX; =EX - EX, <EX — EX,,

since X,, is a sub-MG, then the inequality holds. Then as n — oo, X,, =& X and EX < EXj,. Thus, we have

E|X,| =2EX; — EX, <2M — EX; < cc,

where M = sup{EX}; : n > 0}.

%We should think about P(us, = o0) = 0 which means the probability of infinity number of upcrossing is zero.

liminf X, < a means that the sequence will always occasionally fall below a.

O

4.3.1 Application of Martingale Convergence Theorem 4.3.1

An urn contains r red and g green balls. At each step draw a ball and replace it with ¢ balls of the same

color. Let X, be fraction of green balls after nth draw.

Lemma 4.3.3. {X,}>2, is MG.

Proof. Suppose i red balls, and j green balls at time n. Then we have

j+c J
L W.p. =
Xny1 {Z+J‘+C’ e

_J .
Tt WP g

Define
1, if n+ 1th ball is green

]1 =
¢ {O, otherwise
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E[Xpnt1 | Xpn] = E[E[Xpy1 | 0(La, X)) | Xu]

Jj+tec J

=E[—— g + —= 1-1 X,

[z—l—j+c @ z—i—]—i—c( a)l ]
Jte J J i

i+j+ci+j i+j+ci+]

__J

1+

=X,.

By Corollary, X,, — X a.s. O

We can also derive the distribution of X,:
{X,}22,is a MG s.t. X,, = X a.s. Does it follow that X,, — X in LP?? Not necessarily!

Example 4.3.4. Let S, = 1+ > ° VY, =41 wp. 1/2. N =inf{n: S, = 0}. S, is MG, N is a
stopping since = X,, = Syan is a MG. By Corollary, X,, — Xa.s.

Lemma 4.3.5. X =0 a.s.
ITX=K>0

4.4 Jan 28

by Tatiana (Tanya) Brailovskaya
Warm up: last time we proved X,-sub-MG, N is stopping time, s.t. P(N < k) = 1, then EX, <
EXy <EXg. M - another stopping time s.t. M < N then

EXy) <EX, <EXy <EX,.
Hint: modify the pf of EXg < EXy < EX,

Proof. Consider K, = 1{pr<ny
(K- X)n=Xn—Xyrn = EK -X)y=EXy-EXy

0=E(K -X)o <E(K-X)y because (K - X), is a sub-MG & P(N < k) =1

O
Theorem 4.4.1 (Doob’s Inequality). X,,-sub-MG, X, = max,,<, X,;H, A >0, A= {)A(n > A}
AP(A) < E[X,14] < EX.
Proof. Let N = inf{m : X, > A or m = n}
AP(A) < EXy14 < EX,14.
Explanatory Notes from Image * EXy < EX,, E[Xn14 + XyLac] = E[Xn14 + Xn1ac] 0

°If the event A happened, we have N < n. If A, N =n. Thus, N < n. By previous theorem, for sub-MG X,, and N
is a stopping time, we have EXy < EX,,.

EXF
P(max Xy > A) < —
Compare Thm 1 with Markov Inequality (X,, > 0),
- E[X, - EX;
PR, >0 < 2By v R < B (o),

- A
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Example 4.4.2. S, = 1+ > | Y, where Y; = 1 w.p. 0.5. N =inf{n : S, = 0},X,, = Sy, is a

MG too = EX, = EX; = 1. We can show: E [maxo<,<n X, ~ logn == MI is trivial, while DI
P(X,, > A\) < 1/A. Takeaway: EX ' & EX,, are not always comparable

Theorem 4.4.3 (L maximum inequality). 1. X,-sub-MG then for 1 < p < o0
B < (1) B,
p—1
2. If Y, is a MG and Y* = maxo<m<n |Yim| then

E(Y)) < (%)pEwp.

Proof. We want the arg to work regardless of E)?ﬁ < 00 or 0o

oo
E|X, AM]P = / PN TIP(X,, A M > N)dA
0

Read the book page 205, Durrett.® O

*We should know some Lemma 2.2.13, Fubini’s theorem, Theorem 1.6.3.
Lemma 2.2.13: If y > 0,p > 1, then we have E[Y?] = [py?~'P(Y > y)d.

Theorem 4.4.4. If X,, is a MG with sup, E|X,|? < oo for p > 0 then X,, — X as. & in LP.

Proof. Why X,, — X a.s.? (Recall: we need sup,, EX;I < c0)

supEX T < supE|X,| < (su IEanl/p<oo.
p n p p

Why does LP convergence follow? Use DCT:
[ X = X7 < (1Xn| + [ X)) < (2max(|Xal, | X]))P < 2°(] X0 [ + [X])

sup |Xn - X|p S QP(Sup |Xn|p + |X|p)

p
E max | X, [P < <p> E(X)P
m<n 1

Jlimn — oo

P
Esup | X,|P < (p) E|X|P < oo.
n p—1

O

Example 4.4.5. Z,,: # of individuals in gen n, with Zy = 1. Y;": # of offspring ith individual in nth gen
produces, Y;" are iid across ¢ & n.

Zpir =Y+ Y+ +Yy, p=EY, o= Var(Y/")
Assume p > 1. X, = Z,/pu". Check: X,, is MG
EXI=EX,=EX;=1 = X, = X as.

Claim: X,, — X in L?.
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Proof. EX2 = E[E[X2|X,,_1]]-
E[XZ‘anl] = E[(Xn - Xn71)2 +2X, Xn—1 — X3—1|Xn71] = szz—l + E[(Xn - Xn71)2|Xn71]~
E[(Xo — X 1)2|Xna] =E | (22 Z’HQX = W E(Zn — 1Zn-1)?| X
(Xn — Xno1)* | Xna] = ﬁ - 1 n—1| =M (Zn — 1Zn—1)7| Xn—1]
on {Z,_1 =k}
A 2
E[(Z, — HZn—1)2\Xn—1]]1{ZH,1:;€} =E <Z Y — ,uk:) = ko?
i=1
= E[(Zn - ,uZn—l)2|Xn—1] = Zn—10'2
X i n+1
— EX2=EX2 | +E(Zy_10%/p?") 200 supEX2 = |1 402 p_k] < 0.
" k=2
O
sup,,
Moreover, EX?2 = lim,, oo EX'Z = 1+ Z—z ﬁ > 0. And, X, - Xin I'! = EX =
— L/

lim, o, EX,, = 1. We can check: {X >0} ={Z, > 0 for Vn}

= when p > 1,P(extinction) <1 —-P({X > 0}) <1 (in fact, P(extinction) < 1).

4.5 Feb 2

by Tatiana (Tanya) Brailovskaya

Warm up:
Lemma 4.5.1. Let S, =Y, +--- + Y, Y1, Y,, ... isiid, EY; = 0, Var(Y;) = 0% < co. Show that
Var(S,,
P( max |S,| > 2) < ar(2 )
1<m<n xr

Proof. Because f(z) =
martingale, then E[S,,

x?
1| F

is convex, we can apply Jensen’s inequaliy E[S? | F,] >

(E[Snt1 | Ful)?.

Since S, is a

n] = S,. Then we know that S2 is a sub-MG. By Doob’s inequality 4.4.1, we have

P( max |S | >z) =

P( max |S,,|* > 2?)
1<m 1<m<n

ES2
Var(S,,)
= x2 .

Remark 4.5.2. Var(S,) = no? = for x = Co?\/n

1

P ag, Snl = Covin) < -
ie. I
1I<nn?”§n|5 | > Coyn wr. 1-— e

Can also show that: maxj<,,<,|Sn| > Cov/n.
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Now we should talk about the condition of I”, 1 < p < oc.

1. sup,, E| X, |P < oo is sufficient for MG convergence in L”, 1 < p < oc.

2. sup,, E|X,,| < oo is not going to be sufficient for L' convergence.

3. You can always find an example satisfying E| X,,| < oo, but the limit does not equal the same number.

Definition 4.5.3. A collection of r.v. X;, ¢ € [ is uniformly integrable (U.L.) if

M —00

lim <supE[|Xi|; | X5 > M]> = 0.
i€l

We should clarify that E[A; B] means E[A - 15]

Theorem 4.5.4. Suppose that E|X,,| < oo for all n. If X,, — X in probability, TFAE (then the following
are equivalent): For a sub-MG TFAE:

1. It is U.L
2. It converges in a.s. and L': X, — X in L!

3. It converges in L': E|X,| — E|X]| < oo

Proof. 1= 2: Let

M, x> M
om(z) =< x, || < M .
-M, x<-M

Note that ©ar(z,) — @ (x) in probability, and
| X — X < | X = o (Xn)| + loar (X)) — on (X)] + [onr (X) — X

We can also note that
Y —ou(Y)| = (Y] = M)* <|Y[L([Y]| > M).

Then we have |op(Xy) — om(X)] = 0, | Xy, — o (Xn)| = 0 by UL and |pp(X) — X| — 0 since E|X| < oo (Fatou’s
Lemma - Durrett Exercise 2.3.4)°.

2=3:
3= 1: Let
x, x €[0,M —1],
Yy (z) =<0, x € [M,00),

linear, z € [M —1,M].
Then we have x1(x > M) <z — ¢ (z). By DCT as M — oo
ElX| - Eyam(|X]) = 0

and B (| Xn|) = Ega(1X])
For n large enough, we have

E[|X,]; | Xn| > M] <E|[X,| — E¥ar(|Xn|)
e
< Elz| - Evu(|a]) + 5

O

*When the proof says | (Xy) — oam(X)| — 0 and so on, it is actually referring to the expectations of these terms.
Because we want to prove X, — X in L' (which means E|X,, — X| — 0), we take the expected value of both sides of
your triangle inequality:

E| X, — X| < E[Xn — oum(Xn)| + Eloar(Xn) — onr (X)]| + Eloar (X) — X|
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The goal is to show that we can make the total sum arbitrarily small by first choosing a large cutoff M, and then letting
n — oo. Here are the exact details for how each of those three expected values goes to zero: 1. The middle term:
Elonm (Xn) — om(X)| — 0 as n — oo. We are given that X,, — X in probability. Because the truncation function ¢ ()
is continuous, the Continuous Mapping Theorem dictates that ¢ (X,) — ¢ar(X) in probability. Notice that the output
of ¢ is bounded by M and —M. This means the difference |¢on (X)) — @ (X)| can never be larger than 2M. Because
the random variables are strictly bounded by a constant, we can apply the **Bounded Convergence Theorem™* (a special
case of the Dominated Convergence Theorem) to conclude that convergence in probability implies convergence in L*.
Therefore, for any fixed M, lim,—, o Elpa (X,) — om(X)| =0

2. The first term: E|X,, — op(X,,)] — 0 by UL as M — oo. Why it works: Using the inequality you noted, we
have E|X,, — onm(X,)| < E[| X, |1(|X,| > M)]. This expression is exactly the "tail expectation” used in the definition of
Uniform Integrability (U.I.). By the definition of U.L., limp/_ o (sup,, E[|X,|; | Xn| > M]) = 0. This means we can pick
an M large enough to make this term arbitrarily small simultaneously for all n.

3. The last term: E|pp(X) — X| — 0 by Fatou’s Lemma as M — oco. Similar to the first term, E|pp(X) — X| <
E[|X|1(]X| > M)]. For any single random variable X, if its mean is finite (E|X| < 00), the expected value of its extreme
tails must shrink to 0 as the cutoff M goes to infinity.

E|X| < oo: This is where Fatou’s Lemma comes in. Uniform integrability guarantees that the expected values of X,
are uniformly bounded by some constant K (i.e., sup,, E|X,| < K < o0). Since X,, — X in probability, Fatou’s Lemma:
E|X| <liminf, . E|X,| < K < co. Because X is integrable, we can make this third term arbitrarily small by choosing
M large enough.

Lemma 4.5.5. Let {X;};e; be a family of random variables. If {X;};c; is uniformly integrable (U.L),
then the family is bounded in L', i.e. sup,.; E|X;| < oo

Proof. By the definition of U.L. | for M sufficiently large, we have:

sup E[| X, |1{|X;| > M}] < 1
el

We can decompose the expectation as:

ig?E[lXil] = sup (X[ 1{1XG] < M} + E[[XG[1{] X[ > M}])

The first term is bounded by M (since |X;| < M on the set {|X;| < M}), and the second term is bounded by 1 based on
the uniform integrability condition. Thus, we obtain:

supE[|X;]] < M +1< o0
iel

Question 4.5.6. Does sup;.; E|X;| < 0o = X;,i € [ U.i?

Proof. NO!. Counterexample: There exists a sequence of random variables (X,,),>1 such that

sup E [| X;|] < oo,
n>1

but (X,)n>1 is not uniformly integrable. In particular, let X,, be defined by

n, with probability 1,
Xn = . "
0, otherwise.

Then 1
E[|X;]]=n-—=1 foralln>1, hence sup E[|X;|] = 1.
n

n>1

However, for any M > 0,

E[Xnlix,>my) =0 ifn<M, E[X,l{x,>m]=1 ifn>M,
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and therefore
sup E [Xn]]-{Xn>M}] =1 forall M >0,

n>1

50 (X;,)n>1 is not uniformly integrable. O

Theorem 4.5.7. Given a probabiliy space (2, Fy,P) and r.v. X € L''. We have {E[X | F] : F C
Fo is a o-algebra} is U.L

Proof. Proof see the Durret 4.6.1. O

Theorem 4.5.8. For a sub-MG TFAE (then the following are equivalent):
1. It is U.L
2. Tt converges in a.s. and L.

3. It converges in L': E|X,| — E|X| < o0

Proof. (i) = (ii): U.I. = sup,, E|X,| < co = a.s. convergence = in probability convergence = Thm 3 implies the desired
conclusion (ii) = (iii): we have already proves before. (iii) = (i) convergence in L' = convergence in probability = Thm
3 implies desired conclusion. O

Preparation for MG version of theorem 4.5.8.

Lemma 4.5.9. If E|X,,| < oo, E|X| < 00 & X,, = X in L}, then E[X,,; A] — E[X; A].

Proof. |E[X,1a4— X14]| <E|X, — X|14 <E[X, — X| =0 0

Lemma 4.5.10. If a MG X,, = X in L' then X,, = E[X | F,].

Proof. By MG prop. for m > n E[X,, | F,] = X,, = if A € F,, E[X,;; 4] = E[X,,,; A].
By Lemma 1, E[X,,; A] — E[X; A] for VA € F,,. O

Theorem 4.5.11. For a MG TFAE
1. It is U.L
2. It converges in a.s. & and L'.

3. It converges in L!.

4. Jarv. X wE|X| <ocos.t. X, =E[X | F,].

Proof. (1)—(ii)—(iii) by Thm 4.5.8
(iii)—(iv) by Lemma 2
(iv)—(i) Example 2 of u.i. families (Durrett theorem 4.6.1). O

!The notation X € L' simply means that X is an integrable random variable, which mathematically means that its
expected absolute value is finite: E|X| < oo
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4.6 Feb 4

by Tatiana (Tanya) Brailovskaya
Warm-up: Consider the following random graph: on the gird Z¢, for every edge, independently delete
that edge w.p. 1 — p or keep it otherwise (this is called bond perolation). Let

A = {there exists an infty component.}.

Show that P(A) =0 or 1.

Proof. Kolmogorov’s 0-1 Law. O

Remark 4.6.1. Moreover there exists p’ s.t. for all p < p/, P(A) =0, p > p' P(A) = 1. p’ is percolation
threshold.

Theorem 4.6.2. Suppose F,, T Fuo, ie. {F,}02, form a filtration with F, = o (|, Fn). Then for
X e
E[X|F,] — E[X|F.] as. andin £'.

Proof. For m > n,

Let Y,, = E[X | 7,]. And it’s easily to check Y, is a MG: E[|Y,,]] < oo, {Y,,} is adapted and E[Y, 41 | F,] = Y,,. From, we
know that Y,, is UL By Jensen inequality and the function || is convex, we have |Y,,| = |[E[X | F,]| < E[|X]| | ] . Then
we know that

Y, is UI. = Y,, converges a.s. & in £' to some Y,

by 4.5.11. For any A € F,,, by the definition of conditional expectation:

(*)/XdP:/YndIP’.
A A
Since Y, — Y in £, we have [, Y, dP — [, Y dP. Thus:

/XdIE”:/Yd]P’ forallAeU]—'n.
A A n

Applying 7-X Theorem: Since (x) holds for the algebra |J,, 7, by the m-A theorem, it holds for all A € Fo. = Y =
E[X|Fs] as.. O

Theorem 4.6.3 (Levy’s 0-1 Law). If F,, T Fx and A € F, then E[14]F,] — E[14|Fs] = 14.

Proof. O

Definition 4.6.4 (Tail o-algebra). For a collection of o-algebras Fi, F,..., let G, = o (U,._,, Fm). The
tail o-algebra is defined as T = _, Gy.

Corollary 4.6.5 (Kolmogorov’s 0-1 Law). Let X, Xs,... be independent. If A € T, then P(A) =0 or 1.

Proof. Sp=0(X1,...,X,). HAeT = A€ Sx = E[14|S,] — 1a as. (Lévy’s 0-1 Law 4.6.3).
Claim: A is independent of S,, for Vn. Pf: G,i11 = 0(Xpnt1, Xnt2,...). Since G,41 is independent of S, and
A€ G,y1 = Aisindependent of S,,. = P(A)=14 — P(4)=0or1l O

Remark 4.6.6. We can introduce the exchangeable o-algebra and Hewitt-Savage 0-1 law.
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Theorem 4.6.7 (Dominated Convergence Theorem and Expecation). If Y,, — Y a.s. and |Y,| < Z for
Vn with E[Z] < co. Given F,, T F, we have that:

E[Y,|F,] = E[Y|Fx] as.
Lemma 4.6.8. Let X,, > 0 and let D = {X,, = 0 for some n}. Assume:
P(D|Xy,...,X,) > d(x) >0 as. on{X, <z}

Then:
P (D U {lim X, = oo}) ~ 1.

Example 4.6.9 (branching process). Z, - branching process, s.t. # of offspring each individual has is k
w.p. pp for k=0,1,2,.... If pg >0, P(lim, o Z, =0 or c0) = 1.
Use Lemma: Let D = {Z,, = 0 for some n > 1} (the extinction event).

]P)(D|Zla o '7Zn) 2 P(Zn—l—l = O|Z17 c 7ZTL) :pg" 2 pg

This holds a.s. on the event {Z, < x}.
Is pg = 0, is the same result true? Generally not, if p; =1

Recall: if X, is a sub-MG, and N is a bounded stopping time = EXy; < EXy. This can fail if N is
unbounded.

Theorem 4.6.10. If X, is U.I. and sub-MG, then for any stopping time N, Xy, is UL

Proof.
E[|Xn|1{|Xn| < K}] = E[|Xn|1{|XNn| < K}, N < n] +E[|Xn|1{|Xn| < K},N > n]

1 2

and
lim sup(2) =0 because X,, is UI

K—oo

Equation is sufficient to check that E|X x| < co. Sub-MG convergence theorem = Xya, — Xn as. = E|Xy| < oo.
Need to check: sup, EX};, < oo.

EX#,, <EX; =5 supEXH, < supEX; < oco.
n n
O
Theorem 4.6.11. If X, is a sub-MG and for stopping itme N, Xyx, is Ul, then EXy < EXy.
Proof. Xnan — Xn as. and in L. EXy < EXyan — EXy O

Theorem 4.6.12. If X, is a Ul and sub-MG then for any stopping time N we have EXy < EXy <EX
where X, = lim,,_,oc X,,.

Proof. By last theorem, we have EXnpn < EX,. By £! convergence and UI, we have EXy < EX . O

Theorem 4.6.13. If X,, > 0 is super-MG and N is any stopping time, then EXy > EXy.



26 CHAPTER 4. MARTINGALES

Proof. We know that EXy > EXyna,. By Fatou’s Lemma, we have liminf EXya, > E[liminf Xya,] = EXy. The last
equality is because Xy, > 0 is a super-MG. O

4.7 Feb 9

by Tatiana (Tanya) Brailovskaya
Warm-up: Suppose that X, is a sub-MG and E(|X,.+1 — X,,| | Fn) < B a.s. Show that if N is a
stopping time with EN < oo then Xya, is Ul and hence EXy > EX|

Hint: Write )
Xnan=Xo+ Y (Xmi1 — X)) T(vsm)
m=0
then,

[ Xnnl < X0l + D) [ X1 = Xon| L wsm)-
m=0
Since RHS in the above inequality does not depend on n, to conclude that Xy, is UI (7), it suffices to
show that RHS is integrable.

Proof.
E[| Xmt1 — Xm|Lvsm)] = E[E[| Xpq1 — Xl | Fn]L(vsmy] < BP(N >m)  as.

oo (oo}

= Y E[[Xmi1 = Xn|Lixsm)] < B D P(N >m) = BEN < oo
m=0 m=0

By definition of sub-MG, E|Xy| < 00 = Xnan is UL Why Xya, Ul = EXy > EXy? Because EXnp, > EX( since

N An <n. E[Xyan] > E[Xnnr0] = E[Xo] Since the definition of sub-MG = first inequality. Then EXya, — EXy

because Ul = L! convergence. O

This lecture, we will talk about the application of optimal stopping theorems.

Applications to the Random Walk (RW). Let Y3,... Y, beiid, S, = So+Y; + -+ Y, where Sy is a
constant. F,, = o(Y1,...,Y,). We will use 3 different types of martingales one can produce from S,,: (i)
Linear MG: let u = EY;, then X,, = S,, — nu is a MG.

(ii) Quadratic MG: Suppose EY; = 0 & EY;? = 0% < co. Then X,, = S? — no? is a MG.
(iii) Exponential MG: Suppose ¢(0) = Eexp(6Y;) < co. Then X,, = % is a MG.
First application of optional stopping to RW: Wald’s equation.

Question 4.7.1. Consider the RW §,, with EY; = u & stopping time N s.t. EN < oo. Show that
ESy = pEN. Hint: use the optional stopping thm we proved in the warm-up.

Proof. Use the MG (i). Then
E[|Xnt1 = Xl | Ful = E[[Yog1 — pl] <EM |+ 4.
———

B

Now by optional stopping thm from warm-up: EXy =EXy = 0. Recall: Xy = Sy — uN = ESy = uEN. O

Theorem 4.7.2. Consider the symmetric simple RW, i.e. the case in which P(Y; = 1) = P(Y; = —1) = 1/2.
Suppose Sy = x and let N = {n:S,, ¢ (a,b)}. Then,
1.

b—=x T —a
P(Sy =0b) =
b—a’ (S ) b—a

2. EgN = —ab and more generally, E,N = (b— z)(x —a) here E, N denotes EN for given starting point
x.

]P(SN = Cl) =
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Proof. (a) We want to use Optional Stopping thm (e.g. thm from warm-up) to obtain the following eq
x=ESy =ESy =aP(Sy =a) +b(1 —P(Sy =a)) (*).

Solving () for P(Sn = a), the desired result follows. To verify () holds, we will need to check: E[|Sp+1 — Sn| | Fn] < B
a.s.EN < oo (i) we already checked when deriving the Wald Eq.
(ii) we only consider the case z € (a,b). Notice that if the RW takes (b — a) consecutive +1 steps, it will necessarily exit

the interval. This happens with probability 2~ (—4).

— P(N >m(b—a)) < (1—2"0a)m

1
1—(1—2-0-a)

EN < Y (b—a)P(N >m(b—a)) = (b—a) = (b—a)2""% < 0.
m=0
(b) To prove this we may want to use Wald Eq. E¢Sy = pEN. Why wouldn’t that work here? (Note: for the
symmetric case, u = 0, so the equation becomes 0 = 0, which provides no information about EN).Instead we work with
the quadratic MG S2 — n:
= Eo(Sjan —O0AN) =Eo(S2,y —nAN)

=0

By Monotone convergence:
Eo(n A N) — E()N

By bounded convergence:
EoS2an — EoSx

By part (a):

EoS% = a?

+b2( —4 ) = —ab=EoN

b—a b—a

How can we now get the answer for arbitrary x given EqN? O

Interprelation: Thm 1 is only meaningful if = € (a,b). (think about what happens when x ¢ (a,b)).
Unsurprisingly, if | — a| < |b — x| the RW is more likely to visit a before b (and vice versa). Also, the
farther x is from the endpoints of the interval (a,b), the longer it takes (on average) for the RW to exit

(a,b).

Remark 4.7.3. let T, = min{n : S, = x}. Takinga = 0,2 = 1,b = M we have: P(Ty; < Ty) = 1/M. Let
S, denote the RW with Sp = 1. Then

1
P(Ty <Tp) =P (sup STyan = M) < e

inequality holds by Doob’s inequality + Monotone Convergence = Doob’s inequality is sharp for
this example (we discussed this before today we see the pf.!) P(Ty < Ty) = =1 Letting M — oo,
P(Ty < o00) =1, i.e. with probability 1 the RW started 1 will reach 0 in finite time.

Question 4.7.4. Is it also the case that E;7 < co? Why or why not?

Proof. 1Ty = co. By Thm 1 (b) We see that if a = 0,2 = 1,b = M E{(To A Ty) = M — 1. By Monotone convergence,
we can take M — oo to get the desired conclusion. O

4.8 Feb 11

by Tatiana (Tanya) Brailovskaya

Question 4.8.1. A monkey is typing a letter (A-Z) independently uniformly every second. How long in
expectation until the monkey types out ABRACADABRA?
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How about AB?
Warm-up: Come up with a MG X, such that

T = {time by which monkey types AB is a stopping time for X,,}.

Hint: think about betting strategies.

Proof. A player bets 18 on letter A & if they’re correct, they win 26$. Next, they again bet 1$ on letter A & an additional
bet of 26$ that next letter is B. If B shows up the player wins 262. If any of the bets are incorrect, the player loses the
stakes, and a new player joins the game. X, is the amount of money the Casino makes after n rounds.

First, we should verify X,, is a MG. If player at time n is betting only on A:

X - Xn-1+1  w.p. 25/26
" Xul1— 25 wp. 1/26

If player at time n is betting on both A & B:

X1+ 27 w.p. 24/26
X,=<X,_1+1 w.p. 1/26
Xpo1 +27— 262 wop. 1/26

By optional stopping: E[X7] = X « initial amount of money the casino has. How do we represent Xt in terms of 77

Xr=Xo+ T +2- Ty —(26% —2) = Xo+ T — 2 — (26% — 2).
~— ~—~
# of players # of players
that lost after 1 round who lost after 2 rounds

Then we have ET = 262.
What about the typing AA? The E[T] =. I still don’t udnerstand the whole system. O

Idea: in a filtration, the g-algebra is like Fy C F; C .... what if instead of /o D F; DO ... ?

Definition 4.8.2. Xy, X 1, X 5,... is a backward martingale if it is adapted Fy O F_ 1 O F 5... and
E[Xyi1 | Ful = X

Theorem 4.8.3. X_., = lim,_, -, X,, exists in a.s. & L.

Proof. We used upcrossing inequality 4.3.2 to show that # of upcrossings < 0o, s.. We can think of X_,, ... Xy as a MG
Yy ...Y,. Then we have

(b—a)E] U, <E(Xo—a)" —EX_,—a)t <E(Xy—a)t.

~—
# of upcrossings of (a,b) ’between’ (-n, 0)

By MCT, we have EU,, < I'z(()if’_;a';ﬁ < 00. Then Uy < 00 a.s. lim,_,_oo X, exists. Next, we should state the £!
convergence. For m > n,E[X,,|F,] = X,. In particular, E[X,|F,] = X,, = X,, UL= X,, converges in L. O

Theorem 4.8.4. If X_ =lim, , X, and F_, =), Fn then: X_ = E[X|F_].

Proof. Note: X_ is measurable w.r.t. F_.,. This is because X_, is measurable w.r.t. F_,, (consider limg~, X_j =
X_oo)- Recall: X,, = E[Xo|F,] = for VA € F_. By the property of conditional expectation

/XndIE”:/XOdIF’.
A A

By L' convergence (as shown in the previous proof)

/ X, dp £conv, / X_ . dP.
A A
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Combining these, we have
/X,oodIP’z / XodP = X_o = E[Xo|F_x)-
A A

O

Application SLLN Let Y},Y5,... beiid. random variables with E|Y}| < co. Let S, =Y; +---+ Y},
and X_,, = % Let F_,, = 0(Sn, Sni1, Snaa,---) = 0(Sn, Yai1, Yai2,...). Claim: X_,, is a backwards
martingale.

Proof.

n

E[X_,|Fon 1] =E {S”“_Y”“
n

Sy 1
f_n_l} = 2ol ~E[Yo 41 Fonoi]

Note: For j,k <n+1
— E[Y}Fo o] = EIYilFo 1],

n+1

]. Sn+1
— N EWY|Fo. 1] = .
n+1k§::1 (¥ 1 n+1

- E[Yn+1|}—7n71} =

Substituting back into the first equation:

SnJrl Sn+1 SnJrl
E X—n —n—1] = - = = X—n—
[ Fn-i] n nn+1) n+1 !




Chapter 5

Markov Chain

5.1 Feb 16

by Tatiana (Tanya) Brailovskaya
Warm-up: show that if X, is a backward MG with X, € L? for p > 1 then X,, converges in L”. Hint:
Recall pf of LP convergence for regular MG.

Proof. L£P maximum inequaliy: if Y,, is a MG then

D p
E max |V,|P < () E|Y,|P
0<m<n p—1

—n<m< 1

p
— E_max_[|Xnl < (p) E| Xo|?
-

P
MOT, B max | X, |P < (pl> E| X,
m p —
Since X,, — X_, a.s. suffice to apply DCT
| Xn — X < (25up|Xan|)?,

integrable r.v.

then we have X,, - X_ in LP. O

So far:

1. Conditions for a.s. + LP convergence 1 < p < oo.

2. Proving tail bounds via Doob’s inequality & Doob MG

3. More general 0-1 laws than Kolmogorov

4. Optional stopping thms for computing [ET" for stopping time T’
Examples: random walks, branching processes, betting strategies.

Definition 5.1.1. We say that X,, with a countable state space is a Markov Chain (MC), if it satisfies
the Markov property for Vig, i1,...,i,,7&j in the state space we have that

P(Xn-l—l =J | Xo = 10, X1 :lew-'aXn:in) :]P)(Xn—H =J | Xn:Z)

N

TV
p(i,7) - transition probability

30
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Example 5.1.2. 1. Random Walk. You are standing at some position i on an integer grid (Z4). At
each step, you take a jump of size Y, (which the Durrett text denotes as &,,), drawn from a fixed
probability distribution p. Your position at time n+1 (X,41) only depends on your current position
X, plus the completely independent new jump Y,, ;. The path you took to get to X, is irrelevant.
To get from state ¢ to state j, your next random jump must be exactly the distance between them,
which is j — 7. Since the jumps are drawn from the distribution p, the probability of making exactly
this jump is simply ({7 —i}). A standard random walk doesn’t tend to an ”equilibrium” because
it usually wanders off to infinity or keeps oscillating forever without settling down into a stable
probability distribution

2. Braching Process. Let Y7,Ys, ... iid r.v.’s (offspring #’s) then

pli,j) =P (Z Yo =j> :
m=1
What happens as n — oo0? (in (1) + (2)). (1) + (2) X,, doesn’t tend to an ”equilibrium”.

3. Wright-Fisher model. Population of N/2 diploid individuals, i.e. they have 2 alleles of same gene: A
& a. we think of gene pool at time n + 1 as a sample with replacement from the gene pool at time
n. X, = # of alleles A at time n.

p(i, j) = <%)J (1 — %) o (]j) X, ~ Bin(N, %).

Asn — 00, X, =0 or X,, = N ”absorbing states”.

Definition 5.1.3. Let (S, F) F is a o-alg on S be a measurable space. A function p: S x F — Ris a
transition probabiltiy if

1. For Vo € S: A — p(z, A) is a probability measure on (S, F).
2. For each A € F,z — p(z, A) is a measurable function.
We say that X, is a MC (Markov Chain) with transition probability p if
P(X,.1 € B|o(Xo,...,Xn)) =p(X,, B).
Q: How do we know X, satisfying definition exists?
1. We need to construct a probability space on SN
2. let RN = {(wy,wa,...) : w; € R}. We equip RY with the product o-algebra RY generated by

{w:w; € (a;,b;] fori=1,...,n}.

Theorem 5.1.4. Suppose we are given probability measure z,, on (R”,R™) that are consistent!, meaning

ﬂn+1((a1>bl] XX (ambn] X R) = :un((abbl] XX (anvbn])

— 3 a unique probability measurable P on (RN, RY) w/
P(w : w; € (a;,b],1 <i<n) = pu,((ar,b1] X -+ X (an, by)).

LConsider pin11(A x R) = u,(A) The probability of the first n steps landing in region A, and the (n + 1)-th step landing
anywhere in R, must equal the probability of just the first n steps landing in A
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Remark 5.1.5. Thm 5.1.4 holds (S, F) if 3 1-1 map ¢ : S — R s.t. ¢ & 1~ are measurable. (see more:
Thm 2.1.22 in Durrett).

Definition 5.1.6. Let (S, F) be a measurable space (F is a o-alg on S). A functionp: S x F =+ Ris a
transition probability if:

1. For Vx € S: A — p(z, A) is a probability measure on (S, F).
2. For each A € F,x — p(x, A) is a measurable function.

We say that X, is a MC with transition probability p if
P(X,11 € B|o(Xo,...,Xn)) =p(X,, B).

We need a family of consistent meas. to apply Thm 1: X has init u, then

pn(Bo X By X -+- X B,,) = / p(dxg)/ p(zo, dxy)- - / p(xn_1,dx,) => P, exists.
Bg By n

Theorem 5.1.7. let X, (w) = w, is MC with transition probability p, i.e.

P.(Xn41 € B|o(Xo,..., X)) =p(Xn, B).
—_———

Fn

Proof. Goal: show for VA € F,, : P,(X,41 € B; A) = [, p(xn, B)dP,.
Suffices to check these A’s only by 7-A thm. Let A ={X, € By, X1 € By,..., X, € By} =By x By x--- X By,

Pu(Xy41 € B;A) =Pu(Xo € By, X1 € Bi,..., X, € By, Xpt1 € B)
= [ uteo) [ saocdn [ ploncsdaptea B)
Byg B B

n

Recall: x,, = p(z,, B) is a bdd measurable function. For any C € F

/Bo M(dzo)/&p(xo,dxl).../B"p(gcn_l,dazn)lc(zn) :/AlC(xn)dPu-

By linearity, extend® to simple function, then bdd measurable function. O

%] am not sure about the extension. Need to check

5.2 Feb 18

by Tatiana (Tanya) Brailovskaya

Warm-up: Wright-Fisher X,, = 0 & N are abosrbing states, i.e. p(0,0) =1 & p(N,N) = 1. Show
that Px (X, € {0,N}) = 1 as n — oo for all X.

We will use Lévy’s 0-1 Law to show that for any MC X,, if

() P(Up_pii{XmeBn}| X,) >8>0 on{X, € A,} then
P{X, € A, 1.0} \{X, € B,10})=0

1. Show (x) implies P,(X,, € {0, N}) =1

2. Apply 0-1 Law to the event E = J,;7_ . {X;n € By} to prove (x)

Recall: Levy’s 0-1 Law. If F,, 1 Fo and A € F, then E[14 | F,] — 14 a.s.
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Proof. 1. Applying the Lemma () to the Wright-Fisher Model.

To show that P, (X, € {0, N}) — 1, we need to map the Wright-Fisher model to the events in the lemma.

Let our target absorbing states be B, = {0, N}. Let the remaining "transient” states be A, = {1,2,...,N — 1}.
For the Wright-Fisher model, the transition probabilities from any state ¢ follow a binomial distribution: p(i,j) =
(]JV) (i/N)?(1 —i/N)N=J. If the chain is currently in some state X,, =i € A,,, what is the probability it jumps directly
into one of the absorbing states on the very next step? Probability of jumping to 0: p(i,0) = (1 — i/N)~. Probability of
jumping to N: p(i, N) = (i/N)V.

Because i € {1,..., N — 1}, we know the fractions satisfy 1/N < i/N < (N —1)/N. This strict boundary guarantees
a minimum probability of jumping to an absorbing state:

p(z‘,mz(;)N and p(amz(}V)N

Therefore, the probability of getting absorbed on the very next step is strictly bounded away from zero:

1 N
P(Xni1 € (0, N} | X, =) = p(i,0) + p(i, N) > 2 (N)

Let 6 = 2(1/N)N > 0. Because hitting the absorbing states in the next step is a subset of hitting them at some point
in the future ({X,11 € Buy1} € Upr—py1{Xm € Bm}), we have:

]P’( U {XmeBm}|Xn>2IF’(Xn+1GBn+1|Xn)2§>O on {X, € 4,}

m=n-+1
This perfectly satisfies the condition of lemma (x). The lemma immediately grants us:
PH{X,e{l,....,.N—1}io0.}\{X, €{0,N}io.})=0.

Since the state space is finite, the Markov chain must visit some states infinitely often (i.0.). If the chain never hits
{0, N}, it is forced to stay in {1,...,N — 1} forever, meaning it visits A, infinitely often. But the lemma just proved
the probability of doing this without hitting B,, is 0. Therefore, with probability 1, the chain must eventually hit {0, N'}.
Because 0 and N are absorbing states (p(0,0) = 1 and p(N, N) = 1), once the chain hits them, it stays there forever.
This proves P, (X,, € {0,N}) — L.

2. Proving the Lemma (x) using Lévy’s 0-1 Law

Let E,, = Up—p1{Xm € By} This is a decreasing sequence of events (E; D E O ...) that shrinks down exactly
to the tail event E = {X,, € B,, i.0.}. Because E € Fo,, we can apply Lévy’s 0-1 Law, which states that our best guess
of the event E given the information up to time n will converge to the actual outcome:

P(E| F,) — 1g as.
We can split the conditional probability of F, into two pieces:

The first term P(E | F,,) converges to 1z almost surely. The second term concerns the event E,, \ E, which is a sequence
of events decreasing to (). Because the events vanish in the limit, it can be shown that P(E, \ E | F,,) — 0 almost surely.
Adding these limits together, we get:
P(En ‘ ]:n) — 1 a.s.

The Contradiction Argument: Suppose for the sake of contradiction that there is an outcome w that belongs to the
event {X,, € A, i.0.} \ E. 1. Because w ¢ E, the indicator function 1g(w) = 0. By our limit above, this requires
that P(E, | Fn)(w) — 0 as n — oo. 2. Because w € {X,, € A, i.0.}, the event X,, € A, happens for infinitely
many time steps n. By the core assumption of the lemma, at all of these infinitely many steps, we are guaranteed that
P(E, | Fn)(w) > 6 > 0.

It is mathematically impossible for a sequence to eventually converge to 0 while simultaneously spiking up to be
> § > 0 infinitely often. This contradiction proves that the event {X,, € A, i.0.} \ {X,, € B, i.0.} cannot occur, so its
probability is strictly 0.

Would you like to move on to the second half of the Wright-Fisher midterm question and compute the exact absorption
probabilities P, (Vy < Vp) using the optional stopping theorem? O

Remark 5.2.1. If X, is a MC with absorbing states A then we have Px(X,, € A) — 1 if Im < oo such
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that Px (X, € A) > 6 > 0.

Proof. Step 1: Define the target event. Let E be the event that the Markov chain eventually hits the absorbing states A
at some point in the future. Because A is an absorbing state, hitting A means staying in A forever. Thus, the event E
can be written as E = {X,, € A eventually}. Let F,, = o(Xj,...,X,) be the history of the chain up to time n.

Step 2: Apply Lévy’s 0-1 Law. Because E is an event in the infinite future o-algebra (Fl,), we have

P(E | F,) —» 1 almost surely.

Step 3: Apply the assumption. We are given that if the chain has not yet been absorbed, there is always a probability
of at least 4 > 0 that it will hit the absorbing states A within the next m steps. Since hitting A in the next m steps
implies that E happens, we have:

PE|F,) >P(Xpim€A|X,)>20>0

as long as the chain is not yet in A.

Step 4: Proof by Contradiction. Suppose for the sake of contradiction that the chain never hits A. Because the chain
never hits A, the event F did not happen, which means the indicator function 15 = 0. By Lévy’s 0-1 Law from Step 2,
this requires that the sequence of conditional probabilities P(E | F,) must converge to 0 as n — oco. However, because
the chain never hits A, it is always in the unabsorbed transient states. Thus, by Step 3, the condition P(E | F},) > ¢ > 0
holds for all n.

It is mathematically impossible for a sequence to strictly remain > ¢ > 0 and simultaneously converge to 0. This
contradiction proves that the probability of the chain "never hitting A” is exactly 0. Therefore, the chain must hit A
almost surely. Since A is an absorbing state (once you enter, you cannot leave), the probability that the chain is in A
goes to 1 as n — 0o: lim, 00 Pr (X, € A) = 1. O

We are goting to talk about Markov Properties
P<Xn+1€B‘fn):p(XnaB)a E[I(XnJrlEB) |fn]
what if we instead plug-in hA(X, 11, Xpi2,...) or if we let n be a stopping time.

Theorem 5.2.2 (Monotone Class Theorem). Let A be a m-system that contains 2 & H be a collection
of R-valued func s.t.

1. ifAec A = 1,eH
2. f,ge H = af +bge H for Va,be R

3. if3f, > 0& f, T f with f bounded = f € H then H contains all function measurable w.r.t.

o(A)
Lemma 5.2.3. For any bounded f, E[f(Xn11) | Fu] = [o f(¥)p(Xn, dy)
Proof. E[f(Xn41) = fA Jo f@)p(Xy, dy)dP. We want to show for VA € F,. Let A= {Xg € Ag,...,X,, € A} for

A; € F which is o- algebra for state space. A is m-system, and o(A) = F,,.
Argue (A) for VA e A& f = 1¢ for C € A. Then argue that H for which (A) holds on A satisfies conditions of
theorem 5.2.2. Conclude that (A) holds for all A € F,, by 7-A theorem. O

Corollary 5.2.4.

Eu[lf[omxk)] = [ wtroiteo) [ plandan e [ v drpin)
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Proof. First, we have
B (X)) = [ o) folan).
We suppose it holds for n — 1, we have
[ka Xy } E, [ka(xk) |fn_1”
=E, ka X3)E [ Xp) | Foe 1H
=E, H fk(Xk)/ fn(y)p(Xn—hdy)}
= ka: Xk: fn 1 n 1 /fn n 1,dy)]
/ ) fofea) [ plaosda) i) [ ploa-adens) ocrtons) [ fu@planor,di)
Q Q Q
Z/M dzo) fo(o) /p(x(]adl'l)fl(xl)"'/p(xnf%dﬁrnfl)'fnfl(xnfl)/ Jn(@n)p(2n_1,dy,).
Q Q Q
O
Theorem 5.2.5. Let h : QY — R be bounded & measurable. Then, E,[h(X,, Xpi1...) | Fn] =
Ex [A(Xo, X1 ...)]
Proof. First, we start at simple function h
h(y07y17 e ) = fO(yO) e fk(yk)v
where f is bounded and measurable function. We look at LHS?,
LHS = ]E[fO(Xm)fl(Xm+1) T fk(Xm+k) | ]:m]
= fo(Xm)E[f1(Xm+1) - fi(Xmtr) | Fim]
= 1o(X) | P dmr) fa(o)
Q
= RHS.
Let H contains all the function satisfying the above equation. We should test 5.2.2’s conditions.
1. Of course holds, we just let f = 1.
2. Linearity of expectation.
3. By conditional MCT, it holds.
O

“By the definition of Markov Chain, we have

Elfe(Xomsr) | Fonshon] = /S (Xt ) fi(1):

Let Fxn ={A: An{N =n} € F,}

Theorem 5.2.6 (Strong Markov Property). Suppose for each n, h,, : QN — R is measurable & |h,,| < M for

Vn; N - stopping time for {o(Xo, ..., X,)} o2, Then, E,[An(Xn, Xni1- .-

on {N < oo}.

- EXN[hN(XO7X1 e

)]
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Proof. Let A € Fn. Eulhn(Xn, Xng1...); AN{N < oo} = 307 (Eulhn(Xp, Xng1 ... ); AN{N = n}]. Define E,, =
AN{N =n}. We know that FE, is F,-measurable. By theorem 5.2.5, we have

]Eu[hn(Xn; X7L+17 cee )7En] = E[EXn [hn(XOale o )]7 En]-

Then we have

> Eulhn(Xn, Xps1... ;AN{N =n}] = > Eu[Ex, [n(Xo, X1,...); AN {N = n}].
n=0 n=0

Thuw we have
E AN (XN, Xnt1 ... ); AN{N < o0}] = E,[Ex,, [hn(Xo, X1,... ) AN{N < oo}l

Because it holds for any A € F and by definition of conditional expectation 3.1.1, we have

Eulhn (Xn, Xngr---) | Fn) =Exy v (Xo, X1 ...)].

5.3 Feb 23

by Tatiana (Tanya) Brailovskaya

Warm-up: T = inf{n > T, "' : X,, = y}, k > 17 which means that time of kth visit to y and T, = 0.
Let pzy = Px(T, < 00). Show Px (T} < c0) = pxy it Hint: apply strong markov property, and how to
choose h?

Proof. h(w) =1 where w = (Xo, X3,...) if there exists n such that X,, = y. Let N = T}~*
P,(Ty < 00) = By [W(Xn, Xnp1 ... ); N < 0]

=E, ]EXN:yh(XOaXl ),N < o0

Pyy
= pyyEa[N < o0

= Pnym(Tng < )

When k =1, Pp(T) < 00) = pay-
Suppose the equation holds at k — 1, we have Px(Tj_l < o0) = pzyp’;y_Q.
At k, we have P, (T} < 00) = pyyPo(TF ™" < 00) = pyypayply® = paeyply - O

Definition 5.3.1. We say that state y is recurrent if p,, = 1 and we call y transient if p,, < 1.

Keep thinking about the Warm-up problem. We need to show P,(T} < oo) = pgypf,'. If y is

recurrent, P, (T < co) = pf =1 for all k. Then we have

P,(X, =y io0.) =P, <ﬂ{T; < oo}> :

k=1

In particular E,N(y) = oo, where N(y) means the number of visits of y.
If y is recurrent, P, (T} < oo) = pf, = 1 for all k. Then we have P(X,, = y io. ) = P, (M2 {7} <
oo}) = 1. In particular E,N(y) = co which N(y) is number of visits to y.

Question 5.3.2. If y is transient what is E,N(y)? Hint: E,N(y) = > 7~ P, (N(y) > k), where N(y) > k
means that {T.F < co}.

2T am a litte confused here. why should be like k& — 1th?
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Proof. We directly have

o0 o0 o0 p
E,N(y) =Y Py (N(y) 2 k) =D Py (Ty <o) =D py, = 77— < 0.
k=1 k=1 k=1 Puy
Thus, if y is transient, E, N (y) < oc. O

Theorem 5.3.3. Assume the state space is countable. y is recurrent if and only if E,N(y) = occ.

Proof. Step 1: The Probability of the k-th Visit. From the Warm-up problem, we know that starting from state z, the
probability of visiting state y for the k-th time is ]P’I(Tyk < o0) = pwyp’;y_ L If we start the chain already at state y (so
x = y), this formula perfectly simplifies to

k k-1 k
Py(T,) < 00) = pyyply, = Pyy
Since the definition of a recurrent state is p,, = 1, we substitute it into the equation
Py (T} <o0)=1F =1

This means that for a recurrent state, the probability of returning to it for the 1st time, the 2nd time, the 100th time, or
the k-th time is always exactly 1 (100 % certainty).

Step 2: Translating ”Infinitely Often” (i.0.) into Set Theory. The phrase X,, = y i.0. means the Markov chain visits
state y infinitely many times. If a chain visits state y infinitely many times, it means for every positive integer k, the k-th
visit must happen. Therefore, the event of visiting y infinitely often is exactly the intersection of all the events of the k-th

visits happening:
o0

{Xn=yio}=({I} < oo}
k=1

Step 3: Calculating the Probability of the Intersection. Notice that the events {7, ?f < oo} are a nested, decreasing
sequence. In plain English: if you visit state y for the (k4 1)-th time, you must have already visited it for the k-th time.
Therefore:

1 2 3
{T, < oo} D{T, <oo} D{T, <o0}D...

Because these events are decreasing, we can use the Continuity of Probability to pull the limit outside the probability
measure

P, (ﬂ{T; < oo}) = lim P, (TF < o0)
k=1
From Step 1, we know P, (T, < oo) =1 for all k. Thus:
P,(X,=yio)=lim 1=1
y(Xn =y io) = lim

(This formally proves Lemma: A state is recurrent if and only if the probability of visiting it infinitely often is 1).
Step 4: Formalizing N(y) (The Number of Visits). Let N(y) be the total number of visits to state y at times n > 1.
Mathematically, this is the sum of indicator functions for every time step n:

N(y) = Z 1ix, =y}
n=1

However, there is a second, brilliant way to count the total number of visits. Instead of checking every time step n, we
can just check how many k-th visits were successfully completed:

N(y) = Z 1{T3’f<oo}
k=1

Both sums will yield the exact same integer.
Step 5: Computing the Expectation E,[N(y)]. Now we take the expected value of the second definition of N(y)

o0
Z 1{T;<oo}] :
k=1

Ey[N(y)] =E,




38 CHAPTER 5. MARKOV CHAIN

By the Monotone Convergence Theorem, we can safely swap the expectation and the infinite sum for non-negative random

variables
oo
k=1
The expected value of an indicator function is simply the probability of the event, so
oo o0
k k
- Zpy(Ty <o0) = Zfoyy'
k=1 k=1
Since state y is recurrent, we substitute py, =1

o0
y[N(y)]:Zlk=1+1+1+...:oo
k=1

E

This concludes the proof. For a recurrent state, because the chance of returning is perfectly 1, the sum of these probabilities
is an infinite series of 1s, making the expected number of visits exactly oco. O

Theorem 5.3.4 (Recurrenece is contagion). If X is recurrent & p,, > 0, then y is recurrent and p,, = 1.

Proof. Goal: Show py, =1. Why p,, =1 = y is recurrent? Use theorem 5.3.3.

oo
:ZPy < 00) 2 Py (szm>&?:l/_oo

— I
k=1 1 k=1 >0

oo

in fact, sufficient to show py, > 0. Next: proof of goal (Contradiction): if py,y > 0 and pyy <1 = pge < L.
Let K = inf {k cpF(x,y) > 0}, and p*(z,y) means that k-step transition probability. Then, y; ...yx 1 s.t.

X (x,y) > plz, y1)p(y1,v2) - . p(yr—1,y) > 0

P (T, = 00) > p(z,y1) ... p(yx—1,y)(1 = pya) > 0.
O

@This is ” Chapman-Kolmogorov equation (Theorem 5.2.4)”. We choose the specific way to achieve. Then the probabilty
of this specific way should be smaller than the total probability. Since pg, = 1, there must be some number of steps L
such that p%(y,x) > 0. We also know there is a path from z to y of length K, so p* (z,y) > 0. If the chain starts at y
and we want it to be at y exactly L + n + K steps later, one specific way to achieve this is: Go from y to = in L steps;
Go from x to x in n steps; Go from x to y in K steps. Thus we have

oo

PRy, y) < oy, 2)p" (2, 2)p" (2, y) = ZPL+"+K(1/ y) <p"(yx Z ,y) =

n=1 n=1

Definition 5.3.5. C' is closed if for any y € C, P,(X,, € C) =1 for all n. D is irreducible if z,y € D
= Puy > 0.

Theorem 5.3.6. Let C be a finite closed set. Then C contains a recurrent state. If C' is also irreducible
then Vo € C are recurrent

Proof. If C' is irreducible & contains a recurrent state, by theorem before all y € C' are recurrent.
N(C) = # of visits to C and E,N(C) = >_, - E;N(c)y = oo, for z € C (by definition of being closed). Since C' is

finite, 3y s.t. ExN(y) = 0o. Thus B, N (y) = pay > peg Pk, = 00 = pay > 0 and y is recurrent. O

Example 5.3.7.

Theorem 5.3.8. Let R denote the set of recurrent states. Then, R = (J;, R; where R; is closed &
irreducible for Vi.
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Proof. For Yz € R, set Cp = {y : pzy > 0}. By Thm 2, p,, =1 = C; is closed & irreducible.Can show: for Vz,y € C

C.,=C, or C,NC,=0.

Observation 5.3.9. If MC is oo & irreducible = V states are recurrent or V states are transient.
Example 5.3.10. Customers arrive according to a Poisson process with rate .

Summary of Equivalences.
For a Recurrent State y, The Following Are Equivalent (TFAE):

1. pyy =1 (Guaranteed to return).

2. Py(X, =yio.) =1 (Visits y infinitely many times).

3. Ey[N(y)] = oo (Expected number of visits is infinite).

4. 3 paly,y) = 0o (The sum of n-step transition probabilities diverges).
For a Transient State y, The Following Are Equivalent (TFAE):

1. py, < 1 (Chance of never returning is > 0).

2. P)(X, =y1io0.) =0 (Visits y only finitely many times).

3. Ey[N(y)] < oo (Expected number of visits is finite).

4. 3% paly,y) < oo (The sum of n-step transition probabilities converges).

5.4 Feb 25

by Tatiana (Tanya) Brailovskaya
MC that is co & irreducible either has all recurrent or all transient states.
Recall: M/G/1 queuing

e Customers arrive according to Poisson(\) process, service for time ~ F
e X, is the number of customers waiting in line when nth customer arrives
ar = P(k customers arrive in a single service time)
Claim: let p = Z apk.
k

Warm-up: If 4 > 1 = MC is transient®. If x <1 == MC is recurrent. What’s the intuition
behind Claim?

Proof. Let Y1,Y5... iid with P(Y; = j) = aj41. S, = Y1 +--- +Y,. We can observe that X,, = Xy + S, until
N =inf{n >0: Xg+ S, =0} when Xy > 0.
Goal (i): p>1 = Py(N <o0) < L.
S, — o0 a.s. = inf S, > —o0 a.s., in particular = Jx > 0.

Because % — u—1>0 a.s., we know S,, — oo. Then we have

P(inf S, > —2) >0 >0 = P,(N <o0) =P@infs, < —2)<1-0< 1.

3it means that the line will never goes back to state 0.
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Therefore, we have

o(IV < 00) mec (N < o0) < 1.
_,_/
Poo

Goal (2): p<1 = Py(N < o0) =1.

Observation: X, n is a super-MG & X,an > 0. Let Ty = inf{n : X,on > M}. Optional Stopping: VM >
0:EXg > EXpyan > MPx,(Thy < N) = VYo #0 : P,(Tyy < N) < /M — 0 as M — oo. Can check:
N ATy <ooVM = Pu (N <o) =1.

Conclude: Py(N < 00) = >, poalPz(N < 00) = 1. O

Theorem 5.4.1 (Foster’s Theorem). Suppose S is irreducible & ¢ > 0 with E,¢(X;) < p(z) for Vo ¢ F
a finite set, and ¢(z) — oo as © — oco. Then the chain is recurrent.

Question 5.4.2. Q: For M/G/1 queue, what is ¢ & F7

px)=xz (r - 00), F={0}, E,X; =E[z+ V)T =E@@z+Y) =2+ (p—-1)<z,2>0&Y; > -1

Let N, (y) = >0 _, 1(X,, = y), where N,,(y) is the number of visits to y satisfying at X, = = by time
n.

Theorem 5.4.3. Let N,(y) = >." _ 1(X,, = y), where N, (y) is the number of visits to y satisfying at

m=1
Xo = x by time n. For y recurrent,

Na(y) 1
— 1 00 8. P,
n E,T, Tveeh 8F

T, is the 1st visit to y after n = 0 (with 1/00 = 0).

Proof. First, x =y. Let R(k) = min{n > 1: N, (y) = k} where R(k) is the kth return to y.
tr = R(k) — R(k—1), let R(0) =0 = ti,ta,... iid r.v.

@ _ Z%ltl — E[] = E,T, as. (by SLLN)
and
R(Ny,(y)) n R(Nn(y) +1)  Np(y) +1 " -a.s
Na(y) SN S Na@) +1 N Naly) ~ Ty Byes

where the factor NJ’\}(?’(LJ)FI — 1 because y is recurrent = N, (y) — oo a.s.

On {Ty < OO}“Z to,t3, ... iid

R(E) ti (tat-+t
%:iﬂ?ﬂf;’“)—ww«:ﬂy P,-a.s.

Repeat the previous argument to show

Nn(y) 1
nn — E,7T, P,-a.s. on {T}, < co}.
Q: What happens on {T,, = c0}? N, (y) =0 Vn. O

%it means that we eventually hit y.

Definition 5.4.4. For a recurrently state y, we say y is null recurrent if E, 7, = co = N, (y)/n — 0;
we say y is positive recurrent if E, T, < co = N,(y)/n — p > 0.

Definition 5.4.5. p is a stationary measure where P,(X; = y) = p(y), ie.
> p(@)ple,y) = ply).

If i is a probability measure we call it stationary distribution.
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Question 5.4.6. Can you give an example of a stationary measure that isn’t a distribution?

Example 5.4.7. Random walk on Z%, p(z,y) = f(z —y) and f(z) > 0 where >__ f(2) =1 = pu(z) =1
is a stationary measure

> pl@,ypu(r) = f(2) = 1= pu(y).

Example 5.4.8. Random walk on Z & p(x,x +1) =p, plx,z —1) =1—-p=q = plz)=1isa
stationary measure.
Also: p(z) = (p/q)* = (¢/p)~" is also a stationary measure ) pu(z) = > (p/q)* = .

Example 5.4.9. Modify (1) or (2) s.t. you have a stationary distribution. Walk on a cycle of len N,
p(x,x+1) = p(x,x —1) = 1/2 where the movement follows 41 (mod N) and x—1 (mod N)u(z) =1/N
is a stationary dist.

> w@)p(a,y) = %(p(y —Ly)+py+1ly) = % = pu(y)

5.5 Mar 2

by Tatiana (Tanya) Brailovskaya
Recall: p(z) is a stationary measure if

> u()p(x,y) = ply).

w(x) isn’t necessarily a probability measure.

Warm-up: Consider the birth and death S = {0,1,2,3,...}. p(z,z + 1) = p.,p(z,x) = s, p(z, 2 —
1) = g, with go = 0 and p(i, j) = 0 otherwise. Let py(z) =1 Va. and ps(z) = [[i_, % for all x. For
what choice of p,, 7., g, is u1, po stationary measure?

Proof.
> i (@)p(,y) =py-1 + 1y + gy = pa(y) =1

where py_1 4+ 7y + ¢y+1 = 1 is the condition for stationarity.

> ma(@)p(x,y) =

implies po(y) always stationary. O

Definition 5.5.1. We say that p satisfies detialed balance if u(x)p(z,vy) = pu(y)p(y, z) for any y. We call
that p reversible.

Question 5.5.2. why if p is reversible then p is a stationary measure?



42 CHAPTER 5. MARKOV CHAIN

Proof.
> @)ple,y) = w@)py,x) = uly) > ply, =) = p(y).

x

O
Claim 5.5.3. p, satisfies detailed balance?.
Proof. We just need to check ps(x)p(z,y) = pa(z + 1)p(x + 1, y). Substituting the definition of po, LHS is
x
Pr-1
IT (%) -
i1 \ 4k
We consider the flow from = + 1 down to = - RHS = pa(x + 1)¢z+1. And we have
- Pr—1 Pz
r+1)= ‘ .
pa ) ]];‘[1 ( dk ) Qz+1
Thus, we have
pio (2 ( Dr )Qerl =LHS
qx+1
O

Theorem 5.5.4. Suppose p is stationary distribution with p(X) > 0 for all  and X, ~ p. Then?,
Y = Xnm, 0 < m < nis a markov chain with Yy ~ p, and transition probability ¢(z,y) = pplv.e) 1g

()
moreover u is reversible, ¢ = p.
Proof.
P Xn—m— =yn Xn—m =T
PYnpr=y|Ym=2)=P(Xpn-m1=y| Xn-m=1)= ( P(B( : = CC) :
_ P(Xp—m =2 | Xn-m-1 =y)P(Xn-m-1=19) = ply, ) w(y)
pu() p()
where it remains to check the Markov Property. O

Example 5.5.5. Caveat: most chains don’t have a reversible measure.E.g. M/G/1 - queue: X, is the
number of customers arriving during the nth customer’s service time.

p(x,z +10) >0

where this means 11 customers arrived during a service time. But p(z + 10, z) = 0 because the queue can
shrink by 1 customer at a time.

p(x)p(z,z +10) = p(z + 10)p(z + 10,2) =0 Vz
where the term p(z)p(x, z + 10) is greater than 0 for some x, implying there is no reversible measure.

Theorem 5.5.6 (Kolmogorov Cycle Condition). Supppose p is a transition probability for an irreducible
chain. This chain has a reversible measure® iff

1. p(z,y) > 0 then p(y,z) > 0.

4A Markov chain is reversible with respect to a measure 7 if and only if it satisfies the detailed balance equations for all

states x and y 7(z)p(z,y) = 7(y)p(y, v).
5this is the backward MC

OThis is p(z)p(e,y) = p(y)p(y, z) for Va,y
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2. for any cycle wg, 21, ..., 2, = 2o With [[,,, p(i, 7,-1) > 0 then we have [[, % =1.
Theorem 5.5.7. Let X be a recurrent state and let 7= inf{n > 1: X,, = x},
T-1
= Ex(ZH{XnZy}) ZP y7T > TL)
n=0
is a stationary measure.
Remark 5.5.8. u,(y) < oo for all y. p, P = p, = p,P" = p, for Vn > 1.¥n > 1
Zﬂz = pa(z) =1 = Inst. p'(y.2) >0 = p(y) < oo

where p"(y,x) > 0 is equivalent to the condition p,, > 0. Suppose p,, = 0. Then, Case 1: p,, > 0.z is
recurrent = p,, = 1, which leads to a contradiction.
Case 2: pyy =0 = p,(y) =0.

Proof. Sketch
po(y) = E[# of visits toy on n = 0,1,...,T — 1]
(1 P)(y) = E.[# of visits toy on n=1,2,...,T]

where (1o P)(y) = 32, pa(2)p(z, y).
pa(y) = (1aP)(y) b/c Xp = Xo = 2.

Need to rigorously check (A). Let pp(z,y) = Pu(X, =y, T > n), ie. pz(y) =Y oroPn(,y).

n=0 y

where we want to show (wts) Pp (X411 = 2,7 >n+1) for z # x.
Case 1: z # z,

Zﬁn(xay)p(yvz) = pr(xn = yaT > naXn—i-l = Z) = Pw(Xn-i-l = Z,T >n+ 1)
)

where if X,,11 =z and T > n, then T' > n + 1 because X, 11 # «.
Case 2: z ==,
anxy y, Z]P) n*yaT>n7Xn+1:‘T):Pm(T:n+1)

oo
= ZUm(z)p(zay> = Z]P):c(T =n+1)=1= p,(z),
z n=0
where we use the property of recurrence to show the sum equals 1. O

5.6 Mar 4

tby Tatiana (Tanya) Brailovskaya

Midterm: Wednesday March 18. Topics: HW 1-4, including Chapter 4, 5.1, 5.2. Can bring cheat sheet,
A4, handwritten double-sided.

Recall: for a Markov Chain with recurrent state x, then 7' = inf{n > 1: X,, = x}, then

T—1 00
= E’”(Z ﬂ{xn:y}) =D Pu(Xu=y,T>n)
n=0 n=0
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is a stationary measure.

Warm-up: Consider the renewal chain” on S = {0,1,2,3,...}. X, is the amount of time until the
next renewal. What is a recurrent state for this Markov Chain? — 0. Becasue Py(7y < o0) = 0.

Write down p(y) for this Markov Chain.

00 T-1
noy) = D fisn =Eo | ) Tx.=y
n=0

Jj=y—1

=Py(X; > y)

po(y) = ZPO(Xn—H =)

]P)O(Xn-i-l = y) = p(O, Y+ n) = fy+n+1

po(y) = Z Jytn+1 = fyr1 + fyr2 + fyrs + ..
n=0

Is po(y) a stationary distribution?

Zﬂo(y) =1+ ZPO(Xl > y)

y=1

if EgX; < 00, py(y) = Po(Xy > y) which is a stationary distribution. Recall, theorem before: If p is
irreducible and recurrent, its stationary measure is unique with probabiltiy to a scalar multiple.

Recall the theorem before, if p is irreducible and recurrent, its stationary measure is unique up to a
scaler mutipli

For which {f;} is the unique stationary measure up to ? when is this MC irreducible? f; > 0 i.o. iff
that isno k < oo s.t. for j > k f; = 0.

Today we are going to talk about the property of stationary distributions - convergence theorem.

Theorem 5.6.1. If p is irreducible TFAE
1. some x is possible reccurent
2. there is a stationary distribution

3. all states are positive reccurent

Proof. (i) — (i1)

Zzo:o ]P)x(Xn =Y, TJ, > Tl)
E,T,

e (y) = is stationary + prob. dist.

(ii) — (iid)

1
(y) = (thm 5.6.4)
E,T,
irreducibility + existence of stat. dist.
= all states are recurrent = =w(y) > 0 for Vy = E,T, < oo O

Recall: recurrent states x is positive recurrent if E, T, < oo and null recurrent if E, T, = oc.

Corollary 5.6.2. if p irreducible, recurrent with stationary measure p with ) p(z) = oo then all
stationary are null recurrent.

7p(07]) = fj+1 for J 2 01 p(’é,l - 1) =1 for i > 07 p(’é,]) =0
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Example 5.6.3. ® Consider the random walk on Z?. for d = 1,2 random walk is recurrent. pu(z) =11is a
stationary measure. Then all x € Z, Z? are null-recurrent.

By theorem , the random walk on Z? doesn’t have a stationary distribution.

1. d =1,2 by theorem 1

2. d > 3 random walk is transiant by theorem 2.

Theorem 5.6.4. If there is a stationary distribution 7 an 7(y) > 0 then y is recurrent.

Proof. We will directly py, = 1.

Recall - -
_ _ k _ Pry
= Z]P’E(N(y) > k)= ZPJ:(Ty pryp 1 oo
k=1 k=1
And, we have
oo oo (oo}
ExN(y)=E | Y 1(X,=y|Xo=2)| =Y Px(Xo=y)=> p"(y)
n=0] n=0 n=0

Based on the image provided, here is the LaTeX transcription of the proof on the whiteboard.
Since 7 is stationary, (7P")(y) = w(y) Vn. Then we have

- n - n ~ 1
> (ZW(x)P (x,y)> =Y wy) =00, > w(@)> P'x,y) =Y m(x)pmy (1_> — pyy = 1.
n=1 x n T n=1 T Pyy
O
Theorem 5.6.5. If p is irreducible and has stationary distribution 7, then 7(z) = ﬁ, and 9, = 0.
Recall: We expect N”n(y) ~ 7(y) for large n, where N, (y) is the # of visits to y by n.
We showed that =) _ 77 a.s. when y is recurrent.
n yly
Question 5.6.6. Q: if y is transient, lim,, N”T(y)?
. N
lim n(y) =0 as.
non
because transience = MC returns to y finitely often.
E,T, = oo because P, (T = c0) > 0.
Proof. If there is a stationary dist., then 3z w w(x) > 0 = =z is recurrent = all states are recurrent
Irreducible + recurrent = stationary measure unique up to scaling
=> Pu(X, =y, T: >n) Z“x =D Y Pu(Xp =y, Tu >n) = > Pu(Ty >n) =E, T, < 0.
n=0 n=0 y n=0
Thus, we have 7(y) = l]}j,;:(z?)? in particular 7(x) = ﬁ O

81 don’t understand here.
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5.7 Mar 16

by Tatiana (Tanya) Brailovskaya
Recall the fisrt theorem in the last course.
Thm 1: P is irreducible + recurrent = stationary measure is unique up to constant multiples.
Thm 2: P is irreducible TFAE (i) some x is positive recurrent
(ii) there is a stationary dist.
(iii) All states are positive recurrent
Warum-up: birth date
S={0,1,2,...}, p(x,x+1) =p,p(x,x) =rp, p(r,r —1) = ¢z p(x)= izlp‘;;l is stationary measure.

if >, p(x) < oo, then there exists a stationary distribution ji(z) = mu(x) When is i the unique
stationary distribution?

e make sure P is irreducible, e.g. p,,q. >0 V.
e Thm 2 + existence of i = P is positive recurrent

e recurrence + irreducibility = 1 is unique
Thm 3: P is irreducible w stat. dist 4 = p is the unique stat. dist.
Remark 5.7.1. irreducible 4+ existence of 7, then 7 is unique.

Example 5.7.2. if a markov chaine ahs a collection A of absorbing states with |A| > 1, there are multiple
stationary distribution for ¢ € A:
L y=x
my(x) = {

0 y#ax
e We saw that for many (e.g. Wright-Fisher) MC’s converge to a m,

e Say in WF: z # 0,N. p"(z,y) — 0 for y # 0,N and p"(2,0) - 1— %. p"(2,N) = x/N. Also 7
with 7(0) =1 — %, ©(N) = x/N, n(y) = 0 for y # 0, N is not a stationary measure.

Definition 5.7.3. Let = be a recurrent state and I, = {n > 1,p"(x,x) > 0}. Let dx = ged(I,) where d,

is the periodic of x.
o O 1 2 1 O 3 4 2
P_<1 O) P—(O 1) pP°=P P*=P. ..

Example 5.7.4.
i.e. d1 = 2, d2 =2
P z) = 0 %f n ?S odd
1 if n is even
i.e. P" doesn’t converge!
Definition 5.7.5. We say that p is aperiodic if d, =1 for V x € S.

Lemma 5.7.6. Assume z & y are recurrent. If p;, > 0 then d, = d,.

Proof. First show that dy/dx.

e Note. z is recurrent & py; > 0 = p,z = 1 > 0. Then there exists K1, L s.t. p&(z,y) > 0 and p*(y,z) > 0.
Then we have
Py, y) = p"(y, 2)p" (2,9) > 0 = dy/(K + L).

PEInFL(y 4y > PE(y, 2) P (x, 2)PX (z,y) > 0 for any n s.t. P"(x,z) > 0

= dy | K+n+L = d,|n = dy|d,.




5.8. MAR 23 47

O

Corollary 5.7.7. If p is irreducible and recurrent, all states have the same period d. In particular, if for
some x, dr = 1 then the chain is aperiodic.

Example 5.7.8.
Lemma 5.7.9. If dz = 1, then p™(x,x) > 0 for m > m,.

Theorem 5.7.10. If p is irreducible, aperiodic with a stationary distribution = then for V z,y € S
p*(x,y) — 7(y) as n — oc.

Proof. Idea: ”Coupling”:
e Let X,, & Y,, denote 2 independent copies of MC with Xg =z, Yy ~ 7
e Let T be the first time X,, =Y,
e Foralln>T, Set Y, =X,
Then (X,,Y,) forms a MC on S x S with transition probability ¢:

(w1, 22)p(y1,y2) if 21 # 01
q((z1,91), (22,92)) =  pl@1, 22) ifxy =y1, 22 = y2
0 o/wise

Obs: forn>T, X, ~Y,,ie. X, ~m
We will show: (1) 3° |P(X, =y) —P(Y, =y)| <2P(T" > n)
—_— Y—
P (x,y) m(y)
(2) litnsoo P(T > 1) = 0
>y 1P (@ y) —m(y) =0 = P"(z,y) = n(y)
(1):
P(X,=y)=PY,=9y,T<n)+P(X,=y,T >n)

SPY,=y)+P(Xn=y,T >n)

Same arg shows:
P(Y,=y) <P(X,=y)+PY,=y,T >n)

Y IP(Xn=y) —P(Ya=9)| <Y (P(Xn =y, T >n) +P(Y, =y, T >n)) = 2P(T > n)

We will show: (1) 30 |P(Xn =y) —P(Y, =y)| < 2P(T" > n)
—_—
Pr(z,y) m(y)
(2) limy, 0o P(T">n) =0

this is where we need aperiodicity

Pf of (2): P is irreducible 4 recurrent
Tiy,y) < 00 as. b/c qis recurrent, 7' = min, 7, ,) = T < oo as. <= P(T'>n) ——0

n—oo

you can check that 7((4,)) = m(i)w(j) is a stat. dist. for ¢ O

q is irreducible 4 recurrent

5.8 Mar 23

by Tatiana (Tanya) Brailovskaya
Recall 5.7.10,
Warm-up Ehrenfest claim. X,, = # of particle at time n. S = {0,1,...,r}. The transition probabiltiy

2 k
pk ke +1) =" = plkk-1) ="

(1) Is p irreducible? Yes. Is p aperiodic?
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(2) Does p have a stationary distribution? Fact:

1 r—1
P (z,y) — (;) (5) if x, y have same parity

1 r—1
anH(%y) — <T> (§> if x,y have diff. parity
Yy

(3) Does p have a stationary dist? Yes!

Intuition: at stationarity, each particle is equally likely to be in (1) or (2), indep. of others
Why? Detailed balance condition. Recursible measure. Va,y :  pu(x)p(x,y) = p(y)p(y, x)
WTS:

p(z)p(x,x +1) = p(x + Dp(z + 1, z).

Consider the modified Ehrenfest chain:

1 k iy
plek) =5, plkk—1)= =, plkk+1)= !

T 2r

vk

(4) Does 5.7.10 apply now? Yes.
We give some details of proof of 5.7.10.

Proof.
p(w1, 22)p(y1,y2) *1 #
Q(($1,y1)7 (332,1/2» = P(Ihzz) T1 =Y1,T2 = Y2
0 o/wise

e trans. prob. for (X,,Y,) where X,,,Y,, both have trans prob p & are indep until X,, =Y,,.
e We control conv. X,, — m by P(T > n) where T = inf{n > 1, X,, =Y, }.

WTS: T < oo a.s. (this requires aperiodicity!)

Consider p((21, 1), (72,92)) = p(x1, 22)p(Y1, Y2)-
Claim: p is irreducible & has stat. dist.

7((z,y)) = m(x)7(y)
Pf: pis irreducible = for given (x1,41), (v2,92) 3K, L s.t. PE(z1,22) > 0 & PE(y1,y2) > 0.
p is aperiodic® == Im s.t. VM > m, PM(z9,75) > 0 & PM(ys,y2) > 0. Then we have

~K+L+m

p (($1,y1), (:E?»yQ)) = PK+L+m(

X1, $2)PK+L+m(y1» yz)

> (PX (21, m2) P (29, 2)) (P* (91, y2) P X (2, 2))
> 0.

Then we have p is irreducible.

> w(@)p(z,y) = 7(y)

x

Z ﬁ(($1,y1))ﬁ(($1,y1),(l‘g,yg)) - (Zﬂ(xl)p(x1’x2)> <Z7T(y1)p(y17y2)>
(z1,91) Ty y1
= m(xg)m(y2) = T is stationary under p

%his part should be verified. I think it is directly from the number theory.
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Theorem 5.8.1. Suppose p is irreducible with stationary distribution 7. Let be a function so that
>, 1 f(y)|m(y) < oo. Then, for any initial distribution p :

% S f@w) = Y fW)nly), B as.

Corollary 5.8.2. If p is irreducible with stationary distribution m and Xy ~ , then for f s.t. E.|f| < oo,
we have that

N
1171?1 - mzzo f(zm) AP, — a.s.
Definition 5.8.3. {X,,},>0 is a stationary distribution sequence if for every k£ > 1 that shifted sequence
{Zntk}n>0 has thte same distribution as {x, },>0.
We say that {z,},>0 and {y, }n>0 have the same distribution if for Vm € N and V1,,. .., i, we have
(Xiy, o, Xi,)=(Ys,...,Y:)

Example 5.8.4. (1) {X,,},>0 for a MC with stationary distribution 7 & Xy ~ 7
(2) Xo, X7 ... areiid
(3) Rotation of the circle:
Q2 =10,1), F = Borel subsets, P = Lebesgue meas.
let 0 € (0,1) & for n > 0 then

Xy (w) = (w+nf) mod 1, r modl=z—|z] (eg 25 modl=0.5).

Why is X called a rotation?

Xn(w) — e27m(w+n9) — e27rz(w+n9) mod 1

More generally:

(4) Let (22, F,P) be a probability space. A measurable map ¢ : Q@ — Q is measure preserving if
P(y~1(A)) =P(A) for VA € F.

Let ™ = (¢ 1) for n > 1 w ¢°(w) = w. If X is a r.v. on this prob. space, then

Xn(w) = X (" (w))
is a stationary sequence.
Question 5.8.5. How do we know that a probability space (SY, SY) that realizes {X,,(w)},>o exists?

Kolmogorov Ext Thm
Claim 5.8.6. (3) is of the form (x)

Proof. let p(z) = (x4 0) mod 1. WTS: ¢ is measure-preserving
1 Jlty—0 0<y<¥d
o (y) =
y—0 0<y<l1

Le. ify €[0,0) = ¢ ' (y) €[1-0,1)ye[0,1) = ¢ '(y) €[0,1-0)
WLOG consider (a,b) C[1—6,1)

Plo (y) € (a,b) =Pz c(1+a—0,1+b—-0)=(1+b—-0)—(1+a—0)=b—a

=—> ¢ is meas. preserving. [ 0
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Claim 5.8.7. X, (w) is stationary.

Proof. Let B € 0(Xy,...,X,) and A = {w : (Xo(w),...,

P((Xk,. .., Xntk)

Xn(w)) € B}

) =P((¥"(w), (" (W), ..., v" (¥*(w))) € B)




Chapter 6

Ergodic

6.1 Mar 25

by Tatiana (Tanya) Brailovskaya
{ X, }n>0 is stationary if { X,k }n>0 has the same distribution as { X, },>o for every k& > 0.
Stationary sequences can be constructed from measure-preserving maps. We say ¢ is measure preserv-
ing on (92, F,P) if
P(p 1 (A)) = P(A), AeF.

If X,,(w) =X(¢"(w)), then {X,,} is stationary.
Warm-up. Suppose w = {wy, }n>0 is a stationary sequence. Let ¢ be the shift operator

o(wo, wr, ... ) = (w1, wa, ... ).
Then ¢ is measure preserving by stationarity. Also, if X (w) = wp, then
X(¢"(w)) = wn.

Conclusion: every stationary sequence can be realized in this form.
In this section ¢ denotes a measure-preserving map on (2, F,P).

Definition 6.1.1. A set A € F is invariant if o~!A = A. Let Z denote the collection of invariant sets.
Remark 6.1.2. 7 is a o-algebra.

Definition 6.1.3. ¢ is ergodic if Z is trivial, i.e. for every A € 7,
P(A) € {0, 1}.

Remark 6.1.4. If ¢ is not ergodic, then there is a nontrivial invariant set A with 0 < P(A) < 1. Intuitively,
ergodicity is the dynamical analogue of irreducibility.

Example 6.1.5 (Irreducible Markov chain). Let {X,} be an irreducible recurrent Markov chain with
stationary distribution 7, and let ¢ be the shift operator on paths. If A € Z, then

]ETI'[]]-A | -Fn] = EW[I]-A © ()On | ‘Fn] = EXnI]'A’

By Levy’s theorem,
Eﬂ[]lA | fn] — 14 a.s.

Since the chain is recurrent and irreducible, every state is visited infinitely often. Hence E,14 = 14 a.s.
for every state y, and therefore 14 is a.s. constant. Thus P(A) € {0, 1}.

51
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Example 6.1.6 (IID sequence). For an iid sequence (X7, Xs,...), let ¢ be the shift operator. If A € Z,

then for every n,
A={w:¢"(w) € A} € (X, Xoni1,- -+ ).

Hence -
Ae(No(Xn Xogr,..)=T.
n=1
By Kolmogorov’s 0-1 law, the tail o-algebra 7T is trivial, so ¢ is ergodic.
Example 6.1.7 (Rotation of the circle). Let w ~ Unif[0, 1) and 6 € (0, 1). Define
Xy (w) = (w+nh) (mod 1), o(x)=(x+46) (mod1),
where  (mod 1) =z — [z].

Claim 6.1.8. ¢ is ergodic iff 0 ¢ Q.

Proof. It 6 = m/n € Q, choose a Borel set B C [0,1/n) and set
n—1
k
A= - .
U (B + n)
k=0

Then A is invariant, and by choosing B with nontrivial Lebesgue measure we get a nontrivial invariant set. Thus ¢ is not
ergodic.
Conversely, suppose 6 ¢ Q. Let A € Z and put f = 14. Write the Fourier expansion

1
f(l‘) _ ZCkGZﬂikz’ cp = / f(l,)6727rikx da.
keZ 0
Since A is invariant, f(p(z)) = f(x) a.e. Thus
Z Cke27rik(w+9) _ Z Cke27rik:v.
k k

By uniqueness of Fourier coefficients,
cp = Ck€27”k0.

Since 0 ¢ Q, >0 £ 1 unless k = 0. Hence c; = 0 for k # 0, so f is constant a.e. Therefore P(A) € {0, 1}. O

Theorem 6.1.9 (Birkhoff’s ergodic theorem). For any X € L'(),
1 n—1
-y X(¢p"w) = E[X | Z] a.s. and in L'.

m=0

Remark 6.1.10. If ¢ is ergodic, then E[X | Z] = EX.
Back to examples:

1. Trreducible Markov chain with stationary distribution 7. If Xy ~ m and f € L(7), then

1 n—1

- Z [(Xom) — Z f(x)m(x) a.s. and in L.

m=0

2. TID sequence. If X(w) = wp, then

n—1
1
— E X — EXy a.s. and in L'.
n

m=0
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3. Irrational rotation of the circle. If § ¢ Q and A € B([0, 1)), then

n—1

1
- Z Ta(p™w) — |A] a.s.
m=0

Theorem 6.1.11 (Weyl equidistribution for rotations). If 6 ¢ Q and A = [a,b) C [0, 1), then

n—1

%ZHA((w—i—mﬁ) (mod 1)) - b—a

for every w € [0,1).

23

intervals, let
1 1
Ay = [“* il k)

Given any z € [0, 1), choose wy, € G with |wi, — x| < 1/k. If ¢ (wg) € Aj, then ¢™(z) € A. Therefore

Proof. Birkhoff gives the result for a set of starting points of probability 1. To upgrade this to pointwise convergence for

when b — a > 2/k. For each k, the convergence for Ay holds on a full measure set ;. Then G = NQy is dense in [0, 1).

n—1
1 2
N m S b g 2
hnrr_1>1oréfan:0]lA(g0 z)>b—a ’
A similar outer approximation gives
n—1
1 4
: 1 moy < b 4
llTrisolipnTnz::()lA(go z)<b—a+ .
Letting kK — oo proves the claim. O
6.2 Mar 30
by Tatiana (Tanya) Brailovskaya
Theorem 6.2.1 (Birkhoff’s ergodic theorem).
1 n—1
— Z X(¢"w) = E[X | T a.s. and in L'.
n m=0

Example 6.2.2 (Benford’s law). Let 6 = log;,2 and
A = [logyg k,logyo(k + 1)), 1<k<9.
Since 6 ¢ Q, the sequence mé (mod 1) is equidistributed.

Warm-up. Show that the first digit of 2 is & iff mf (mod 1) € Ay.

Proof. The first digit of 2™ is k iff there exists ¢ € N such that
(k+1)10° > 2™ > k10"

Taking log,, gives
logg(k +1) + ¢ > mlog;,2 > logg k + £.

This is exactly mf (mod 1) € Ag.
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Thus, by equidistribution,

n—1
%Z 1{mf (mod 1) € Ay} — |Ax| = logy, (%) :
m=0

The distribution _
p(k) = logy, (%) ) 1<k<9,

is Benford’s law.
The topic today is recurrence.
Let X1, Xs,... be a stationary sequence with values in R%. Define

Sp=X1+- -+ X4, A={S,#0forall k > 1},

and
R, =1|{S1,...,Su}|-

Theorem 6.2.3. R
— - E[14|Z] a.s.
n

Proof. Realize the stationary sequence on path space and let ¢ be the shift. Observe that

R, > Z Ta(e™w).

m=1
Indeed, if 14(¢™w) = 1, then after time m the walk never returns to S,,, so m is the last visit to the value S,,. By
Birkhoff,
R
liminf —" > E[14 | Z] a.s.
n

n—oo
For the reverse inequality, set

Ay ={S; #0,...,8, #0}.

If a point among Si,...,S, is represented by a time m < n — k, then unless Aj(¢™w) occurs, it will be revisited within

the next k steps. Hence
n—k

R, <Ek+ Z ]lAk(Qme)'

m=1
Birkhoff gives
R,
limsup — < E[14, | Z] a.s.
n—oo N
Since Ay | A, the martingale convergence theorem gives

and the proof is complete. O

Example 6.2.4. Recurrence of random walks with stationary increments on Z.

Theorem 6.2.5. Let X, X5,... be a stationary sequence with values in Z and E|X;| < oo. For S, =
Xi+--+X,and A={Sy #0 for all k > 1}:

1. I E[X, | Z] = 0, then P(A) = 0.
2. If P(A) =0, then P(S, =01i.0.) = 1.
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Proof. By Birkhoff,

3\>—‘

Zn: m — E[X; | Z).

Hence under assumption (i), S,/n — 0 a.s. Moreover,

maxi<k<n | Skl

=0.

lim sup
n— 00 n

To see this, fix K. Then
S S S
‘k|< maxM—i—supM

max — <
1<k<n n 1<k<K mn ik

b

and let first n — oo, then K — .
Since Sy € Z,
R, <1+2 max |Sk|,
1<k<n

so R, /n — 0. The previous theorem gives
E[l4[Z] =0,

and therefore P(A) = EE[14 | Z] = 0.
For (ii), let
F. = {Sl #£0,...,5..1#0,5 :0}

Since P(A) = 0, the first return time to 0 is finite a.s., so

> P(F) =1.
k=1

After the first return, stationarity gives the same conclusion for the next return. Iterating, for every ¢ > 1 the walk
returns to 0 at least ¢ times with probability 1. Thus S,, = 0 infinitely often a.s. O

Theorem 6.2.6 (Kac recurrence theorem). Let X, Xi,... be stationary with values in (S,S), and let
A € S. Define
TO = O, Tn = mf{m > Tn,1 . Xm € A}

If P(X,, € A at least once) = 1, then under P(- | Xy € A) the increments

tn =T, — T, 1
form a stationary sequence and
E[T) | X € A] = m.
6.3 Apr1
by Tatiana (Tanya) Brailovskaya
Last time: recurrence of stationary sequences. Let X, X, ... be stationary, say X; € Z, and

Si=Xi 4+ Xy, A={S #O0forallk>1},  R,=|{Si,....S.}].
Warm-up. Suppose E[X; | Z] =0 and | X;| < M a.s. Show that
Skl

sup — a.s.
k<n T

This follows from the argument in the proof above. If X; are iid mean-zero increments, typically sup;.,, | S|
is of order y/n.

Theorem 6.3.1 (Subadditive ergodic theorem). Suppose X, ,, 0 < m < n, satisfy:



51§) CHAPTER 6. ERGODIC
(l XO,m + Xm,n Z XD,n-
(ii) For every k > 1, { Xy (nt1)k fn>0 is stationary.
i
i

)
)
(iii) The distribution of { Xy, m+x : £ > 1} does not depend on m.
(iv) IEXafn < oo for all n, and EX,,, > von for some ~y > —o0.

Then
: EXOTL . EXOm
lim —— = inf —— =:~,
n—o00 n m>1 m
and
. X()n
lim :
n—oo M

exists a.s. and in L'. If the stationary sequences in (ii) are ergodic, then the limit is 7 a.s.

Example 6.3.2 (Additive sums). Let Y1, Ys,... be stationary with E|Y;| < oo, and set
Xm,n: m+1+"'+Yn-

Then
XD,m + Xm,n = XO n-

)

Also
{ Xkt 1)k fnz0 = { Va1 + -+ + Ying1)k o0

is stationary. Hence the theorem applies and gives

XO,n
n

— X a.s. and in L'

If the stationary sequence is ergodic, then X = EY] a.s., recovering Birkhoft’s theorem.

Example 6.3.3 (Longest common subsequence). Let X, X5, ... and Y3,Y5,... be ergodic sequences of
random characters. Let L,,, be the length of the longest common subsequence between the two strings
on the interval (m,n|. Then

Lo+ Lipn < Loy,

Therefore —L,, ,, is subadditive. The theorem implies that

Lo,
LN v a.s. and in L'

for a non-random constant ~.

Example 6.3.4 (Products of random matrices). Let Ay, Ay, ... be a stationary sequence of k x k matrices
with positive entries and
Ellog A (i, j)| <00 Vi, j.

Put
am,n(iaj) = (Am-‘rl e An)(zvj)
Then

1
lim —log ag (2, 7)
n—oo 1

exists a.s. and in L!.
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Proof. First prove the claim for (¢,7) = (1,1). By positivity,
aO,m(la l)am,n(ly 1) < O‘O,n(lv 1)
Thus
X’m,n = IOg am,n(lv 1)
is subadditive. The stationarity assumptions follow from stationarity of the matrices.
For the integrability lower bound, note that

ao,n(1,1) <k H sup A, (4, 7),

m=1 bJ
SO

—logagn(1,1) > —nlogk — Z log <sup Am(i,j)> .

m=1 ¥

Since E|log A,,,(i,7)| < oo and there are only finitely many entries,
Elog™t <sup Am(i,j)) < oo.
irj

Hence condition (iv) holds.
The subadditive ergodic theorem gives the a.s. and L' limit for %log ap,n(1,1). For general (4, ), positivity lets us
sandwich o, (7, 7) between diagonal products up to fixed multiplicative factors involving only finitely many entries, e.g.

Ar(Jvz) O‘T,n(ivj) é ar—l,n(jaj);

and similarly from the other side. After taking —% log and letting n — oo, the fixed factors disappear. Stationarity then
transfers the diagonal limit to every pair (4, 7). O




Chapter 7

Brownian Motion

7.1 Apr 6

by Tatiana (Tanya) Brailovskaya
Recall a random walk
Sn:X1++Xn7

where X; are iid and E|X;| < oo. It is a martingale when EX; = 0, a Markov chain, and has stationary
independent increments: if ny < ny < --- < n,,, then

(Sny = S-S = S 1) = (Smymrs -+ s S 1)
and the increments are independent.
Definition 7.1.1. A Brownian motion By, t > 0, is an R-valued stochastic process such that:
1. f0<ty<t; <---<t,, then
B(ty), B(t1) — B(to), ..., B(tn) — B(ta-1)
are independent.

2. If s,t > 0, then
B(s+1t) — B(s) ~ N(0,t).

3. With probability 1, ¢t — B; is continuous.

Theorem 7.1.2 (Donsker’s theorem, 1951). If X; satisfy EX; = 0 and Var(X;) = 1, and if S,, = X; +
---+ X, then
Snt]
NZD

The convergence is weak convergence of measures on the Skorokhod space of functions from [0, 1] to R.

= B;.

Remark 7.1.3. A weaker finite-dimensional statement is: for every 0 < t; < - -+ < t,,,

St S\t
( NI >:>(B(t1),...,B(tm)),

How do we know Brownian motion exists?

Definition 7.1.4. For a stochastic process X, t € T, with values in R, the probability measures
Hiq,..., tn(B):P((Xt17"'7th) EB)v BEB(R”),

are called the finite-dimensional distributions.

o8
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Definition 7.1.5. A family {y, . +,} is consistent if:
1. it is invariant under permutations of the time coordinates, and
2. it is compatible under marginalization, i.e.

Pty sootnin (A1 X X Ay X R) = iy 4, (A X oo X Ay).

Theorem 7.1.6 (Kolmogorov extension theorem). If {z, . } is a consistent family of probability mea-
sures on (R™, B(R™)), then there exists a unique probability measure v on

QO = {(JJ : T — R}
equipped with the cylinder o-algebra such that
v{w:w(t;) € Aiy 1 <i<n} =y (A1 X xA,).

Construction attempt. Let x € R. For 0 < t; < --- < t,,, define a measure on R" by

Mfl,...,tn (Ap x - x Ay) = / e / H Pton—tmr (Tm—1, Tpn) ATy - - - dy,
Ay A

n m=1

where xog = x, to = 0, and

po(a,b) = \/%exp <_(b;—;>2) |

The consistency check uses
/ptn—tnl (xn—la xn) d'rn =1
R

and the Chapman-Kolmogorov identity. Kolmogorov’s theorem gives a measure v, with independent
Gaussian increments and v, {w : w(0) =z} = 1.

Claim 7.1.7 (Translation invariance). Under v, the process {B; — By : t > 0} is independent of By and
has the same distribution as Brownian motion started at 0.

Proof. The increments are stationary and independent. The o-algebra generated by By is independent of the m-system
generated by events involving only the increments

B(t1) — B(0),...,B(tn) — B(tn-1),

so the monotone class theorem gives the claim. O

There is still a problem: the cylinder o-algebra on all functions [0, 00) — R is too coarse to contain
the set of continuous functions. To fix this, let

Qg ={m27™" : m,n > 0}

be the dyadic rationals, and consider
Q, ={w:Qy — R}

Applying Kolmogorov extension on (2, gives a discrete-time Brownian motion on dyadic times.

Theorem 7.1.8. Let T' < oo and x € R. The measure v, assigns probability 1 to

Ur = {w : t = w(t) is uniformly continuous on Qo N [0,7}.
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Proof. Tt is enough to prove the result for z = 0 and T' = 1, by translation and scaling. The key input is Kolmogorov’s
continuity criterion, proved below. O

Fact 7.1.9. If a function f is uniformly continuous on a dense subset S C [0, 77, then there exists a unique
continuous extension f to [0, 7.

Thus for almost every dyadic path there is a unique continuous extension. This completes the con-
struction of Brownian motion on C0, 00).

Remark 7.1.10. Durrett defines F, to be the smallest o-algebra such that every coordinate map
Ty - C[O, OO) — Ra 7Tt(f) - f(t)a

is measurable. This agrees with the Borel o-algebra induced by the topology of uniform convergence on
compact intervals.

Claim 7.1.11 (Scaling). If By = 0, then for every ¢ > 0,

{Bg : s >0} 4 {151/23S 18>0},

Proof. For sg < s1 < -+ < Sp,

Bsit - BSi71t ~ N(Oat(si - 81‘71)) g tl/Q(BSz‘ - BSi 1)7

and the increments are independent. O

Remark 7.1.12 (Equivalent description for By = 0). Brownian motion is equivalently a Gaussian process
with
EB, =0, E[B;B;] = s A t,

and continuous paths. Indeed, for ¢t > s,
Bt - Bs + (Bt - Bs)>

and the increment is independent of By, giving E[B,B;] = EB? = s.

7.2 Apr 8

by Tatiana (Tanya) Brailovskaya
Warm-up. Let B; be Brownian motion with By = 0. Compute E[B? B, Bs].

Proof. Write By = By + (Bs — By) and B3 = By + (B3 — By). The last increment has mean 0 and is independent of Fa,
SO
E[B} B, Bs] = E[B} B3).

Also
B3 = (B1 + (B2 — B1))?,

so by independence,
E[B?B2?] = E[B}] + E[B|E[(By — B1)*] =3+ 1 =4.

O

Last time, we constructed a process with independent Gaussian increments. The remaining issue was
to show that the dyadic paths extend to continuous paths.
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Theorem 7.2.1 (Kolmogorov continuity criterion). Let X3, ¢t € Q2 N[0, 1], be a process such that
E|X; — X,|” < K[t — 5"+
for some o, 5 > 0. If v < /B, then with probability 1 there exists C'(w) < oo such that
X(g) = X()] < C()lg — o]
for all ¢, € Q2N [0, 1].

Proof. Let

‘ .
Gn{‘X<@>X(Z >‘§2Wfora111§z'§2"}.
omn on

o< () -+ () )

< on go—n(+a)gyvpn _ pro—n(a—1B)

By Markov’s inequality,

Since v < a/f, Y, P(GS) < co. By Borel-Cantelli, with probability 1 there is N such that G,, holds for all n > N.
On Hy = N2 yGy, a dyadic chaining argument gives

2
1-2-7

|X(q) — X(r)| < lg—r["

whenever ¢,7 € Q2N 1[0,1] and 0 < |¢ — 7| < 27V, Covering [g,r] by finitely many such small intervals gives a global
random constant C'(w). O

Question 7.2.2. For Brownian motion, which «, f can we use?
Since B; — B, ~ /[t — s] g for g ~ N'(0,1),
E|B; — Bi[*" = [t — s|"E|g["".
Thus we may take § = 2m and a« = m — 1, so any

m—1

<
i 2m

works. Letting m — oo, Brownian paths are a.s. y-Holder continuous for every v < 1/2.

7.3 Apr 13

by Tatiana (Tanya) Brailovskaya
Last time. With probability 1, Brownian paths are y-Holder continuous for every v < 1/2.

Remark 7.3.1. For v > 1/2, Brownian paths are a.s. not y-Holder continuous. The case v > 1/2 was in
HWT.

Theorem 7.3.2. With probability 1, Brownian paths are not Lipschitz continuous at any point.

Proof. Fix C < oo. Let

3
A, = {w : 3s € [0, 1] such that |B; — Bs| < C|t — s| whenever |t — s| < }
n

p(52)-n (12271

For 1 <k <n — 2, define




62 CHAPTER 7. BROWNIAN MOTION

P(A

5,
IN
pac}
™
i
IN
gk
=
7/ N
=
3
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‘cn
Q
~——

The three increments in Y} ,, are independent, so

(5 ) momr= )] - = )] s o

Hence P(4,,) < C”/\/n along the proxy events. Since

AngAn+1gAn+2g"'7

for every m > n we have P(4,,) < P(B,,) — 0. Thus P(4,) = 0 for every n, and the Lipschitz condition fails a.s. O

Now we discuss the Markov property of Brownian motion. Let

FP=0(B,:r<s), F::ﬂfto.

t>s

Observation 7.3.3. The filtration {F. } is right-continuous:

A7 =NNFR=F=7F"

t>s t>su>t u>s

For f(u) > 0, the random variable
li Bt - Bs
imsup ——
us  f(t—9)
is F. -measurable, but not necessarily F2-measurable.
Let the shift operator ©, on path space be

(Ouw)(t) = w(s +1).

Theorem 7.3.4 (Markov property). If s > 0 and Y is bounded and measurable with respect to (C,C),

then for every z € R,
E,[Y 0O, | Ff] =EY.

Proof. First check this for cylinder functions

V=] faBltm), 0<ti<---<tn,

m=1

using independent Gaussian increments. Then apply the monotone class theorem. O

Corollary 7.3.5.
E.[Y 00, | Ff|=E,[Y 00, | F.

Proof. The Markov property gives E.[Y 0 O, | F] = Ep,Y, which is a measurable function of Bs and hence is F0-
measurable. Apply the tower property. O

Theorem 7.3.6. If Z is bounded and measurable with respect to (C,C), then for all s > 0 and x € R,

E.[Z | Ff] =E.[Z | F]].
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Proof. Prove the statement first for cylinder functions. Split the time coordinates into those < s and those > s, then use
the Markov property for the future coordinates. The resulting conditional expectation is F2-measurable. Extend by a
monotone class argument. O

Theorem 7.3.7 (Blumenthal’s 0-1 law). If A € F;", then for every z € R,

P,(A) € {0,1}.

Proof. Since A € F,
14 =E,[14|F ]

By the previous theorem,
Eu[1a | Fo'] = Eo[1a | F5).

But F§ = o(By) is trivial under P,, so this conditional expectation is the constant P,(A). Thus 14 = P,(A) a.s., and
the probability is 0 or 1. O

Theorem 7.3.8. Let
7 =1inf{t > 0: B; > 0}.

Under Py,

Proof. The event {T = 0} belongs to }"SL. By Blumenthal’s 0-1 law, its probability is 0 or 1. For every t > 0,

1
Po(T < t) > Po(Bt > 0) = 5

Letting ¢ | 0 gives Po(7 = 0) > 1/2, so it must equal 1. O

7.4 Apr 15

by Tatiana (Tanya) Brailovskaya
Last time. We compared F," and F?, proved the Markov property, and proved Blumenthal’s 0-1 law.
Warm-up. Compute Ey[B? B, B3] using the Markov property.

Proof. Conditioning first on F;,
Eo[BB2B3] = Eg [Bi B2 Eo[Bs | F5 || = Eo[BiB3)].

Conditioning on F;",
Eo[B3 | ] = Ep,[B}] = Bf + 1.

Hence
Eo[BiB2] = Eo[B3(B? +1)] =3 +1=4.

To use strong Markov property cleanly, we complete the filtration. Let
N,={A:AcCDeFL, P,(D)=0}

and set
Fr=o(FFUN,),  F=[()F.

z€R

This is the usual completed right-continuous Brownian filtration.
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Definition 7.4.1. A random variable S with values in [0, 0] is a stopping time if
(S<tleF Wt>o0.

Question 7.4.2. Why does {S <t} € F; for all ¢t imply {S <t} € F, for all ¢7

Proof. Since the filtration is right-continuous,

{(S<ty=({S<t+1/n}e () Feyiyn=Fi-

n=1 n=1

Theorem 7.4.3. If G is open or closed and
T =inf{t >0: B, € G},

then T is a stopping time.

Proof. If G is open, then by continuity,

{r<ty= |J {B,eG}eFr.
qum[O,t)
Thus T is a stopping time.

If G is closed, let
G, ={y:|ly— x| <1/n for some z € G}

and
T,=inf{t >0: B, € Gy}

Each G, is open, so T}, is a stopping time. Also G, | G, hence T,, T T by continuity of Brownian paths. Since an
increasing limit of stopping times is a stopping time, T is a stopping time. O

For a stopping time S, define the shifted path

w(S(w)+1t), Sw) < oo,

(©sw)(t) = { A o)

where A is an extra cemetery state. Define
Fs={A:An{S <t} € F foralt>0}
Theorem 7.4.4. If S < T are stopping times, then

Fs C Fr.

Proof. If A € Fg, then
AN{T <t} =An{S <t}n{T <t} € F.

O

Theorem 7.4.5 (Strong Markov property). Let Y;(w) be bounded and measurable with respect to o (R x
(). If S is a stopping time, then for every = € R,

E,[Ys0Og | Fs| =Ep,Ys on {S < o0}.
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Proof. First prove the result when S takes countably many deterministic values ¢,. On {S = t,} this is the ordinary
Markov property at time t,,, and summing over n proves the claim.
For a general stopping time, approximate from above by dyadic stopping times

S, = ([2"S] +1)27".

Then S, | S, Fs C Fg,, and by path continuity Bs, — Bg. For bounded cylinder functions continuity and dominated
convergence pass the identity to the limit. A monotone class argument extends it to all bounded measurable Y. O

7.5 Apr 20

by Tatiana (Tanya) Brailovskaya
Warm-up. If T, is a sequence of stopping times, then

T =supT, and S =limsupT,

n—0o0

are stopping times.

Proof. For T = sup,, Ty,
{T<t}=({T. <t} e F
n=1
For S = limsup,, T),, write

S = lim sup T,.

m—r00 n>m

Each Sy, = sup,,>, T\ is a stopping time, and S, | S. By right-continuity,

{s<t}= () G{Smgq}e]-}.

q>t, geQm=1

Theorem 7.5.1. Let
Z(w) ={t: By(w) = 0}.

With probability 1, Z(w) is uncountable and has Lebesgue measure 0.

Proof. First show that the zero set has no isolated points. For ¢ > 0, define
R; = inf{u >1t: B, = 0}.

By Blumenthal’s 0-1 law and the strong Markov property, after any time R; the Brownian motion returns to 0 immediately.
Taking ¢ rational shows that almost surely no zero is isolated. Since Brownian paths are continuous, Z(w) is closed. A
closed set with no isolated points is perfect, hence uncountable.

For Lebesgue measure, use Tonelli’s theorem:

Em|Z(w)|:Em/ ]l{Btzo}dt:/ P,(B; = 0)dt = 0.
0 0

Thus | Z(w)| =0 a.s. O

Let
T, =inf{t > 0: B, = a}.

Theorem 7.5.2. Under Py, the process {7, : a > 0} has stationary independent increments.
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Proof. If 0 < a < b, then by the strong Markov property at T,
d
Tb - Ta = Tb—a e} @Ta = Tb—a-

This gives stationary increments. For 0 = a9 < a1 < -+ < a, and bounded measurable f;, repeated conditioning with
the strong Markov property gives

EO H f7(Taz - Tai—l) = HEofi(Tai_ai—l)’
=1 =1

so the increments are independent. O

Claim 7.5.3. T, < a2T} for a > 0.

Proof. By Brownian scaling, if T, = ¢, then a = B, 4 aBiq2. Hence the first hitting time of a has the same law as a?

times the first hitting time of 1. O

Let t, = Ty, — Tx_1. Then t; are iid copies of T} and
To=ty 441, L 02Ty,

Consequently,
tit -+t d

If 77 is an independent copy of T}, then

aTy + bT) £ (v/a+ Vb)*T.
Thus 7} has a stable law of index 1/2.

7.6 Apr 22

by Tatiana (Tanya) Brailovskaya
Warm-up. Let X,, be a simple random walk on Z, with a < z < b and

Xp=xz+Y1+ - +Y,, PY;=1)=P(Y,=-1) = —-.
Let
T, =inf{n >0: X, =a}, T, = inf{n > 0: X,, = b}.

Use optional stopping to show
b—x

b—a

P.(T, <Tp) =

Proof. Let T =T, N'T;. Since X,, is a martingale,
]EXT/\n = X.

The stopping time 7T is finite a.s. and ET < oo; for example, in every block of length b — a there is probability at least
2= (b=a) of hitting one of the endpoints. Hence X7, — X7 and is bounded, so

r=EXp = a]P’z(Ta < Tb) + b]P)z(Tb < Ta).

Solving gives

b—x
Po(Ta <Tp) = 5

One can also show
ET = (z — a)(b— ).
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&l
Definition 7.6.1. A process (X;):>0 is a martingale adapted to a right-continuous filtration {F;} if:
1. X, € F,
2. E|Xy| < oo for all ¢, and
3. E[X; | Fs] = X for all t > s.
Theorem 7.6.2. B, is a martingale adapted to F;.
Proof. Fort > s,
E[B; | Fs] = E[Bs + (B — Bs) | Fs| = Bs.
O

Theorem 7.6.3 (Optional stopping). Let X; be a right-continuous martingale adapted to {F;}. If T" is a
bounded stopping time, then

EXr = EX,.

Proof. Approximate T from above by dyadic stopping times
T, =(2"T|+1)27™.

Then T,, | T and T, takes finitely many values on a bounded interval. Applying the discrete-time optional stopping
theorem to the martingale sampled on the dyadic grid gives

EXr, =EX,.
Since X is right-continuous and T;,, | T, X7, — Xr. The discrete stopped variables are uniformly integrable, so
EXr = EXy. O
Theorem 7.6.4. If a < z < b, then
b—ux
PI(TQ < Tb) = b—a

Proof. Let T' =T, \NTy. Applying optional stopping to the bounded stopping time T" A ¢ for the martingale B; gives
x = E;Bra¢.
Letting t — oo and using dominated convergence,
x=E,Br =aP, (T, < Tp) + bP. (T, < Ty).

Solve for the probability. O

Theorem 7.6.5. Let
T =inf{t: B, ¢ (a,b)}, a<0<b.
Then
E()T = —ab.

Proof. First,
B? —t

is a martingale, since for t > s,
E[B} | FJ] =E[(Bs + (B — B.))* | Fo] = B2+t — s.

Optional stopping at T A t gives
Eo[Bf ] = EolT At].
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Letting t — oo,
EoT = Eo[B2].
By the previous theorem,
b a
Po(T, < Tp) = —, Po(Ty, < T,) =
0( < b) b—a 0( b < ) b—a

Hence

Eo[B2] = a2 L = _ab.

olB7] ab—aJr b—a “
More generally, for a < z < b,
E,T=(zx—a)(b—x)
O
Theorem 7.6.6. If
T, = inf{t: B; = a},
then for A > 0,

Eoexp(—AT,) = exp(—|a|V2)).

Proof. For 6 € R,
92
Mt = exp (GBt — 2t>
is a martingale. Optional stopping at T, At gives
92

EO exp <9BT@/\t - ?(Ta AN t)) =1.

Let a > 0 and choose 6 = v/2\. Letting t — oo,
1 =Egexp (av 2\ — /\Ta) ,
SO
]E()e—kT“ = e_am.

The case a < 0 follows by symmetry. O

Recall that T, has a stable law of index 1/2. Formally setting A = —it in the Laplace transform gives
Eo[e*] = exp (—\a|\/—2it> :

which is the characteristic function of this stable law.
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