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Abstract

Estimating a unit coordinate from the same history used to evaluate an orthogonal panel
score can create a drift of order 7!, This drift can shift the v/ NT limit when N/T converges
to a positive constant. In a partially linear model, we separate derivative—influence covariance,
score curvature, and propagation of first-step bias. The last component vanishes as the nuisance
sieve grows, while the other two may reinforce or cancel. We estimate the drift from the full
unit history and construct valid standard errors under independent units, deterministic quasi-
uniform coordinates, finite-range dependence, and tensor-product B-splines. Separate results
cover sample means and regular smooth scalar moment coordinates. For a sample mean and a
fixed sieve, buffered splitting removes covariance but retains curvature; an equal split doubles its
leading coefficient. Simulations show cancellation of substantial bias components and improved
coverage after correction.

1 Introduction

An orthogonal panel score can have a first-order asymptotic bias when a unit coordinate is esti-
mated from the same history used to evaluate the score. The coordinate error is shared by every
observation in the unit. Its covariance with the score derivative and its interaction with score
curvature produce a drift of order T-!. When N/T converges to a positive constant, this drift is
as large as the sampling error of a v/ NT-consistent estimator. This paper characterizes that drift
and estimates a correction while retaining the full unit history.

The distinction between a shared nuisance function and a unit-specific parameter explains the
source of the problem. Regression functions can be learned from observations pooled across units.
A persistent coordinate representing risk, productivity, or ability must be learned from repeated
measurements on its own unit unless additional cross-unit structure is available. Cross-fitting the
shared regressions across units therefore leaves a statistical dependence between the generated
coordinate and the score contributions of that unit. We call this dependence own-cluster reuse.
Within-unit splitting can separate coordinate estimation from score evaluation, but it also shortens
the history used to estimate the coordinate.

A simple example shows why a zero expected coordinate derivative does not remove the resulting
bias. Let Z;; = a; + G, Dit = vir, and Yy = Ogvyy + a; + €5, with centered stationary errors and e
independent of the joint (v, (;1) process. The oracle score at coordinate a is ;. (a) = vy (ey+a; —a).
Its coordinate derivative is —v;; and has expectation zero. Nevertheless, substituting the sample
mean &; = T7! Zzzl Zis gives
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For a joint moving-average process, the leading coefficient of this order-7—! drift is the negative
long-run covariance. The expected derivative and the derivative-coordinate-error covariance are
different objects.

The general partially linear score adds curvature to this mechanism. A local Taylor expan-
sion multiplies the random score derivative by the coordinate error and the second derivative by
its squared error. Both expected contributions have order 7! under the dependence conditions
studied here. A smooth scalar moment first step can also be biased at that order, adding its bias
multiplied by the population score derivative. We denote these three score-drift components by
Bg), Bg), and BS), with K the nuisance-sieve dimension. For a sample mean, Bg) = 0. In the
partially linear model, the population derivative multiplying first-step bias tends to zero as the
sieve approximates the nuisance functions. Derivative—influence covariance and curvature remain
as the two possible sources of asymptotic bias. They can reinforce or cancel, so a small total bias
can conceal large components with different responses to splitting.

The effect of the drift depends on the estimator’s convergence rate. Under N/T — kg € (0, 00),
VNT/T = \/N/T — /ro. An order-T~! score drift therefore enters the first-order limit. We
estimate this drift using fitted coordinate derivatives and observable first-step lag products. With
Bi = Bg) + Bg) + Bg’) and positive score sensitivity J, the correction takes the form

i = b — 25
TJk
The standard error includes the influence-function contribution of the generated coordinate. Under
the stated growing-sieve conditions, the corrected estimator has a centered Gaussian limit and
valid studentized inference. The finite-sieve target 0k remains distinct from the structural target
fo: sieve approximation bias and own-cluster reuse drift enter through different terms.

The theory separates the mechanism from the conditions needed for feasible inference. Fixed-
sieve population expansions identify the two sample-mean channels and compare full-history esti-
mation with buffered splitting. For that population comparison, buffering removes the derivative—
influence covariance under fixed-range dependence. It leaves curvature, and an equal split doubles
the leading curvature coeflicient because each coordinate uses half the history. Growing-sieve re-
sults establish feasible correction and studentization under independent units, deterministic quasi-
uniform coordinates, independent uniform covariates, bounded finite-range dependence, and tensor-
product B-splines. The sample-mean result uses its exact linear representation and a mixed third-
moment restriction. The smooth scalar moment result permits a biased first step and dispenses with
that cancellation, under a narrower sufficient sieve window and a separate observable unique-root
procedure.

Huang [Hua26] studies fixed effects as generated regressors and makes this rate comparison
explicit. He identifies the same-unit dependence between an estimated fixed effect and a downstream
moment derivative, and explains why ordinary cross-fitting cannot remove it. His target uses
one cross-sectional moment per unit and admits /N inference under N /T — 0, together with
conditions controlling the remaining derivative-error dependence. At that target rate, order-7—!
terms vanish. Our target averages panel scores and has rate v/ NT; under N /T — ko > 0, the
corresponding terms remain first order. We derive their long-run coefficients and construct a
feasible bias correction for inference at rate v NT.

This analysis builds on generated-regressor and incidental-parameter theory. Classical two-
step results characterize the contribution of a preliminary estimator to the influence function and
asymptotic variance [New84, Pag84, MT85, HR13]; later work studies semiparametrically generated
covariates and many-regressor first steps [MRS16, CIJM19]. Large-T panel corrections address bias



from estimated individual effects [HN04, HK11, FVV11, FVL13, FVW18], and analytical and split-
sample corrections can have different higher-order variance properties [HHKN24]. The covariance
component is the panel analogue of leave-in bias, while score curvature produces nonlinearity bias
[CCJ13, CIJM19]. Here a coordinate error learned from a dependent unit history is reused in all T'
score contributions, so the bias coefficients involve long-run covariances and variances. The drift
can remain consequential even at fixed K.

Neyman orthogonality and locally robust estimation control the first-order nuisance directions
for which they are imposed [Ney59, BKRWO93, New94, CCD"18, CEI"22]. Higher-order influ-
ence functions and higher-order orthogonal scores reduce sensitivity beyond first order [RLTvd V08,
vdV14, MSZ18]. Bonhomme, Jochmans, and Weidner [BJW26] construct higher-order orthogonal
equations in likelihood models, and Bonhomme, Jochmans, Newey, and Weidner [BJNW26] develop
the corresponding approach for parametric moment models. We retain the partially linear profiled
score and estimate the drift caused by a specified coordinate-estimation operation. This approach
complements locally robust estimation with generated regressors [EP126], panel DML under depen-
dent sampling [CKMS22, CP26], and inference using noisy unit-level estimates [JW24]. Related
work adjusts orthogonal regression moments for estimated two-way fixed effects [FK26].

The simulations separate the bias mechanisms before evaluating inference. In a cancellation
design, estimated channel coefficients of —0.440 and 0.440 leave the uncorrected scaled bias near
zero, while buffered splitting exposes the remaining curvature. With nonlinear nuisances and
N =T = 200, correction reduces scaled bias from 0.744 to 0.008 and raises nominal 95% coverage
from 89.5% to 95.9%. A ratio-coordinate experiment implements the smooth-moment procedure
with a biased first step whose population score multiplier is zero. The experiment illustrates how
first-step bias and its propagation to the target can differ.

Section 2 defines the model, orthogonal score, and sieve target. Section 3 explains the sample-
mean bias channels and buffered splitting. Sections 4 and 5 give the feasible correction and its
asymptotic theory. Section 6 treats smooth scalar moment coordinates. Section 7 reports the
numerical evidence, and Section 8 concludes. The appendices supply the fixed-sieve expansions
and the proof details for both feasible procedures.

2 Model and Orthogonal Score

2.1 Panel model and unit coordinates

For units ¢ = 1,...,N and dates t = 1,...,T, observe Wy, = (Yit, Dit, Xit, Zit). A scalar unit-
specific parameter «; enters both regression functions; we refer to it as the unit coordinate. The
model is

Zit = a; + Gt (2.1)
Diy = mo(Xit, o) + vit, (2.2)
Yit = 0oDit + ho(Xit, o) + €it. (2.3)

The scalar 6 is the target. The functions mg, hg are shared across units; each «; is learned from its
own repeated observations. Let C; contain the persistent unit information, including a;. Write E;
and P; for expectation and probability under the conditional innovation law given C;. The sigma-
fields C; V o(Wy; : t € Z) are independent across units. Within a unit, observations can be serially
dependent.
The normalization «; = E;[Z;] gives E;[(;;] = 0. For the baseline model, impose
= 0’

Elvi | Xit, Ci Eleit | Dit, Xit,Ci] = 0. (2.4)



Persistent information beyond «; can affect higher moments and serial dependence, while these
restrictions fix the conditional means. The raw coordinate estimate is
T

T
1 1
=7 E Zit, Aj =00 —a; = T E Git- (2.5)
=1

t=1

The fixed-sieve results use this raw mean. For growing sieves, a; denotes its clipped version,
specified below. Section 6 replaces the measurement equation by a known smooth scalar moment
g (VVitv a)'

Conditional on C = o(C; : 1 < i < N), population projection coefficients and targets are held
fixed when taking E;. A coordinate estimated from unit i is integrated jointly with that unit’s
observations. In particular, taking this expectation preserves the reuse dependence. We write
sample averages and population averages as explicit sums. For scalar or Euclidean-vector @), let

QN Ly = (Es [lQI")".

2.2 The orthogonal score and its sieve target

Define the reduced-form function ¢y = 6ymg + ho and the shared nuisance pair 19 = (mg, ¢y). We
use the partialling-out score [CCD 18],

Y(W;0,m,0) ={D —m(X,a)}[Y — U(X,a) — 0{D —m(X,a)}], n = (m,?).

At the true coordinate and nuisance functions it equals v;e;;:. Its expected first derivative in either
regression-function direction is zero under (2.4). This orthogonality controls estimation of the
shared functions. Estimation of a coordinate using its own history requires a separate expansion.

Let S = {p[T(c : ¢ € RE} be a differentiable sieve. Define mg,fx as the least-squares
projections of D,Y onto Sk under the panel-grid population criterion N=1Y " E;[T71 > {Qi —
f(Xit, i) }?], for Q = D,Y, respectively. These targets depend on the current design and on N;
we suppress that dependence in their indices. Set nxg = (mg,lx) and hxg = g — Oymg. The
coefficient implementation and projection measures appear in Appendix A; continuous Lebesgue
projection and panel-grid projection remain distinct.

Write up itk = Dit — i (Xit, ;) and wy i k = Yir — i (Xit, ;). Define the positive sensitivity
and finite-sieve target by

| NoT
WZZE’ thK]>0
=1 t=1

N T

§ Ez up Jit, KWyt K]
i=1 t=1

Ok =
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The projection equations make the expected score orthogonal along sieve directions at (O, nk).
They need not give orthogonality along all infinite-dimensional directions at a fixed K.

The finite-sieve target differs from 6y through projection error. Let r,, x = my — mg and
rh,k = ho — hi. The conditional-mean restrictions and projection equations give

1

O =00 = NTJx

ZZE Tm, K (Xit, 0i)rn, i (X, o). (2.6)

i=1 t=1

For the tensor-spline construction below, let dy = dx + 1 denote the dimension of (x,a). If Jx is
bounded away from zero and the projection errors have respective L? orders K~/ and K—™/dw
then |§x — 6p| < CK—(Tmtmn)/dw



Appendix A.3 derives the identity. This approximation bias is separate from the reuse bias
studied next.

Define ¢ k(a) = ¥(Wi; 0k, 1K, a) and wg)K(a) = 0)Yit,k(a) for r = 1,2,3. Without an
argument, these expressions are evaluated at a = «;. The derivative holds the observation, target,
and nuisance functions fixed. In contrast, 1@-@ Kk evaluates the score at all fitted arguments. Thus
ir k(@) and {Z)\it,K are different objects.

For later computation, write u = D — m(X,a) and e =Y — (X, a) — Qu. The two derivatives
that enter the bias are

00 = —mge — u(ly — 0my),
21p = —mage — u(lag — OMag) + 2mq (s — Omy).

Here my = 9,m and mg, = 02m, with the same convention for £. These formulas also apply to the
fitted sieve functions.

3 Own-Cluster Reuse Bias

3.1 Two channels from estimating a sample mean

The linear example in the Introduction has le(tl )K = —v; and z/JZ(f )K = 0 when the sieve reproduces
constants and the coordinate. Its expected derivative is Z€ro, while the empirical derivative and
coordinate error remain correlated.

More generally, Taylor expansion around «; gives

1 ) 1 A7
T > (Wit () — Pirrc (o)} = Aim > 1/11(3)K t 57 > %(2( + Rir.
t t t

The first term pairs a score derivative with the mean coordinate noise. The second pairs curvature
with the coordinate-error variance. Both have expectation of order 7' under the following fixed-
sieve conditions.

Assumption 3.1 (Fixed-sieve sample-mean regularity). The following conditions hold for a com-
mon fized 6 > 0 and a common compact interval A. Write I; = [a;; — 9, i + §].

(i) Sampling and dependence. For fized K, the unit arrays are independent across i. Con-
ditional on C;, the joint time array containing (i, the target score map a — i g (a) and the
projection-moment maps a — pr (X, a){Dit — mg (X, a)} and a — pr (X, a){Yi — lx(Xit,a)}
on A, their first three coordinate derivatives on I;, and the map a — pg (X, a) with its first
coordinate derivative on A is strictly stationary and L-dependent for a fized L.

(ii) Local smoothness. The variables in part (i) are uniformly bounded on their displayed do-
mains, the highest displayed coordinate derivative is uniformly Lipschitz on I;, and Zy € A almost
surely. Moreover, I; C A uniformly in i.

(iit) Coordinate localization. The generated coordinate is the raw sample mean in (2.5). The
true coordinates remain in a compact interior set, and there are constants C,c > 0, independent of
i, N, and T, such that
sup P(a; ¢ I;|C;) < Cexp(—cT). (3.1)
1<i<N
The three moment maps in part (i) form the stacked score used in Appendix A. These conditions
concern bounded oracle maps and local derivatives; fitted arrays using a whole history do not



themselves inherit finite-range dependence. The bounded envelope controls the exponentially rare

failure of local coordinate localization.
Let pix = E; [1/11(0)1(] vik = E; [wZ(O)K] and Q; = Z|J|<L]E [GioGij]. For the sample mean the
first-step influence is &; = (;;. The leadlng score drift is

By = Z D Eilibfo )Gl

i=1 |j|<L
1
2 1 2
B§<) = oN Z vik§, Bk = B%) + Bf;{).
i=1
Parenthesized superscripts identify bias channels. An ordinary power applies to the whole coeffi-
cient, as in (Bx)?. A third channel enters for a biased first step in Section 6.

Proposition 3.2 (Population drift and its estimator consequence). Fix K and suppose Assump-
tion 3.1 holds uniformly in i, N. As T — oo, allowing N = Nr,

N T
% Z ZEz[wzt,K(dz) — wit’K(ai)] = BK + 0(1). (3.2)
i=1 t=1

If also Assumption C.2 holds and N/T — k € (0,00), the globally reported raw-coordinate profile
root of Appendix D.5 satisfies

N T N By
VNT (0 — 0x) = ZZ it K+ [JK +0,(1), (3.3)

where the centered influence is
it rc = T (Wi i — Eilthir 1) + pirc Gt }- (3.4)

The population conclusion requires no estimator-stability assumption. The second conclusion
adds that condition to control the profile root. Appendix C.2 proves both parts, with the centered
sampling expansion isolated as Lemma A.1. The centering in (3.4) is unit specific: the population
target sets the average expected score to zero, rather than every unit’s expected score separately.
The term p;x G affects sampling variation; the coefficients Bg), Bg?) affect centering.

3.2 Buffered splitting

Consider two contiguous date blocks separated by a buffer wider than L: ILT ={1,...,|T/2]-L}
and Zor = {|T/2] +L+1,...,T}. Their sizes are T, T5, with Ty + T = T — 2L. For evaluation in

block r, use the other block’s raw mean dg_r). Define S;x = (T —2L)~! ZT 1 ZteLT Yir k(& (_T))
and let S;x o use o; instead.

Proposition 3.3 (Splitting removes covariance and retains curvature). Under Assumption 3.1,
with K fized, each fold’s linear derivative term has expectation zero exactly, and

N

T

5 D EilSix — Sircol = 2B + o(1). (3.5)
i=1

For a one-way buffered split with a coordinate-training block of size Th/T — X € (0,1), the corre-
sponding coefficient is )\_lBg) +o(1).



The proof in Appendix C.3 uses independence between the separated blocks to remove reuse
covariance. The shorter training history increases coordinate-error variance, doubling the leading
curvature coefficient for equal folds. The proposition compares expected scores at fixed K.

4 Feasible Bias Correction

4.1 Profile estimation

For the growing-sieve sample-mean procedure, clip the raw mean as a; = Il 1_4,)(d), where
br = Cyy/log N/T and the fixed C} satisfies Assumption 5.1(iii). At these coordinates, regress D
and Y on pg (X, @;) using all panel observations. Denote the fitted functions by my, /) k and their
residuals by Up ik = Dyt — Mk (Xit, ;) and Uy x = Yir — €K( Xit, @;). Set g = (mK,KK) On
the acceptance event Gy, the profile estimator is
7 1 2 3 > it UD,it, KUY it K
K=~ ) _UD,it K K = —5
NT ! Zi,t UD it K

Acceptance requires the generated-coordinate Gram matrix to have minimum eigenvalue at least cx,
and the residual second moment to be at least ¢y /2. The deterministic admissible thresholds and
complete candidate and fallback rules are given in Appendix A.2. On rejection, the sample-mean
procedure reports the fixed vector specified there, including its slope 0}{.

4.2 Bias channels and standard errors

Let L be a supplied fixed upper bound on dependence, and I7(j) = {t: 1 <t <T, 1 <t+;j<T}.
Set &t = Zy — Q; for thls sample-mean procedure The fitted derivatives wlt)K use (GK,nK,ozZ)

Write 1 = T71 Zt it K and Dy = T7! Zt tK Estimate the two channels on Gx by

—Z S0 B

=1 |j|<Ltelr(j)
1 SN ~ N
== Z Z Einbivrss By Z
l7I<L telr(5) i=1

These uncentered lag products are divided by T, including at boundary dates. With B K= Eg) +
Eg), report

~ -~ B
O = O — —= (4.1)
TJk
on acceptance and O = 0}( on rejection. Since dp1p = —{D —m(X, a)}?, positive score drift moves

the uncorrected root upward. The correction therefore subtracts the score coefficient divided by
the positive sensitivity. R R R
To estimate sampling variation, use ¢ x = ng (it k + k&) and its within-unit sample

mean ¢ =T 1>, ¢it ic. The raw variance statistic is

N = o~ =
ik = % SN DT Gk — Gi) Diarix — dirc).

i=1|j|<L telr(4)



This heteroskedasticity and autocorrelation consistent calculation retains all possibly nonzero co-
variance lags. On G, report 2 = gr if x > 0 and 6% = 1 otherwise; on rejection set 57 = 1.

In every case o = 1/3%(. The standard error of 9~K is og/VNT.

5 Asymptotic Theory

5.1 Primitive conditions

The growing-sieve result uses a sufficient tensor-spline benchmark. Quasi-uniform coordinates and
independent uniform covariates control projection and quadrature. Bounded finite-range depen-
dence supplies concentration and moment bounds. A mixed third-moment cancellation permits the
wider sample-mean sieve window.

Let W+ =[0,1]% x [0,1], dw = dx + 1, and by = Cyy/log N/T. The spline mesh is \g.

Assumption 5.1 (Growing-sieve conditions). The following conditions hold.

(i) Coordinate design and covariates. The coordinates are deterministic, and the benchmark
has no additional persistent unit-level randomness: C; = o(a;). Thus E; integrates over the common
covariate and disturbance law specified below. Let cqy < -+ < oy be their ordered values and let
Fx be their empirical distribution function. All coordinates lie in [2bp,1 — 2bp]. If F% denotes the
distribution function of the uniform law on [2by, 1—2by], then, for fized constants 0 < cq < Cy < 00,

¢ C, ,
Na Sa(j-l—l)_a(j) < Wav J = 17"'7N_17
c (5.1)
@
sup| Fy (a) — Fr(a)| < N
acR

The variables in {X;;} are independent and uniformly distributed on [0,1]9% and are independent
of the coordinate design and all disturbance processes.

(ii) Independent units and within-unit dependence. Fiz an integer L > 1 that does not vary
with (N,T). Viewed as random elements indexed by Z, the joint disturbance histories {((it, vit, €it) :
t € Z} are independent across i and have the same law. The bivariate process {((it,vit) : t € Z} is
bounded, centered, strictly stationary, and L-dependent: for every integer s, the o-fields generated by
datest < s and t > s+ L+1 are independent. The process {e;; : t € Z} is bounded, centered, strictly
stationary, and L-dependent, and is independent of the entire (¢, v) process. Assume o2 = E[v3] >0
and 0 < Var(e;) < co. Assume the mized third-moment restriction

E[vioCij, CGijn] = 0, (j1, j2) € Z°. (5.2)

(iii) Generated coordinate. The data satisfy (2.1)—(2.3). The raw mean ¢&; is clipped as q; =
H[bT’l,bT}(oQi). Write d; = & — ai; and ¢; = d; — ;. The finite-range Hoeffding constant cqy satisfies
cfme > 1.

(iv) Smoothness and sieve. The functions satisfy mg € C™ (W) and hy € C™(W™) with
3 < T, Th < p+ 1. The basis is an open-clamped, mazximum-smoothness tensor-product B-spline
basis of degree p > 4, with quasi-uniform positive knot spans and Lebesque-L? normalization. Write
pi(7,a) = pi () @ pf (a), where K = K, K,, K, < )\;(dx, and K, =< \i. When dx = 0, take
K, =1. Thus K =< A,



(v) Asymptotic growth.

N

?—Hioe(o,oo), NAg — 00,

b, Kk o
AK ’ NT '

Use the supplied range L for both bias and variance lag sums, with weight one at every integer
lag |j| < L and zero elsewhere. The exact endpoint grid 2br + (i — 1)(1 — 4br) /(N — 1) satisfies the
coordinate-design condition; alignment between coordinates and spline knots is unnecessary.

The mixed third-moment restriction allows dependence between v and (. It eliminates a mixed
third-moment term in the nuisance coefficient expansion. Joint central symmetry of the ((,v)
process is sufficient, although stronger than the restriction. Bounded finite moving averages also
satisfy the dependence condition. For innovations independent and identically distributed over
(i,t), E[uft(uft)Q] = 0 suffices for the mixed cancellation; £ innovations must be independent of the
entire (uc, u¥) process. Appendix A.5 gives the covariance calculation.

5.2 Channel limits and the main theorem

Let Qu¢ = > 1< 1, E[vioGij] and Q¢ = 37, E[GioGij]. The limiting coefficient has a direct primitive
expression: - B
B— - ch/ {ho(w, 1) — ho(x,0)} dz
49X
(5.4)
+ Q¢ / Oamo(z, a)0yho(x, a) dz da.
[0,1]4w

Proposition 5.2 (Primitive limits of the two channels). Under Assumption 5.1 and A — 0, Bg)
converges to the first term in (5.4). The curvature and total coefficients satisfy

Bg) — QC/ Oamo(z,a)0gho(x,a) dx da, (5.5)
[0,1]4w
Bx — B. (5.6)
The exact clipped-coordinate drift also satisfies
N7
~ Z Z Ei[vit, i (Qi) — Vit i ()] — B. (5.7)
i=1 t=1

Appendices E.5 and E.6 prove the separate channel limits and the effects of finite lag windows
and clipping. Covariance bias requires both a nonzero long-run v—( covariance and a nonzero
average boundary contrast in hg. Curvature bias depends on the average product of the two
coordinate derivatives. The terms can have either relative sign.

For v.(j) = E[ciocij], ¢ € {v,e}, the limiting variance in this benchmark is

o2 — E\j\gL Yo (5)7(5)
Yo (0)2
It is strictly positive under the benchmark. The variance calculation and independent-unit central

limit theorem are proved in Appendix E.4.
The sufficient dimension window is

(5.8)

2dw
max{dw,3} +4

dw
Tm + Th

< ¢ < min {1, } , K =T1 (5.9)

9



Theorem 5.3 (Asymptotic bias and feasible correction). Suppose Assumption 5.1 holds and K =<
TY satisfies (5.9). Then

N T
VNT (B — 60) = ZZ bit,k + /Ko ()+0p()

(5.10)

vV NT(gK — 90) (bit,K + Op(1>7

5- T
Mzu
MHII

Il
—

t=1

i
where the common leading sum converges to N'(0,02). Moreover, 5% = o

VNT (6 — 6o)

OK

- N(0,1).

The correction changes centering while preserving the leading influence and variance. Centered
inference using the uncorrected root is invalid when B # 0. Appendix F.1 proves both expansions.

Because K = )\I_(dw, the lower bound on ¢ makes TK~("m*m)/dw _ (0 so the finite-sieve
target is negligible at the inference scale. The upper bounds control nuisance estimation, the
quadratic profile error, and fitted coordinate derivatives. The window is nonempty exactly when
Tm + T > max{dw, (max{dw,3} + 4)/2}. Appendix F.1 verifies the rates and their geometric
counterparts.

If, additionally, the , v, and € processes are mutually independent and each is independent and
identically distributed over time, then Bg) =0 and 02 = Var(ey)/ Var(v;;). Curvature can remain.
The specialization is proved in Appendix F.2.

5.3 Why profiling leaves a quadratic remainder

The proof separates score expansion from estimation of the shared functions. Define the estimation
errors at generated coordinates by e, i = (mx — mg)(Xit, @;) and eg;y = ((x — L )(Xit, @;). On
the event where the profile normal equations hold,

1 N 1
NT Zt Vit (G) = Tic (0 — 0) + NT Zt: em,it(€it — OKxemit)-
3 2y

The normal equations eliminate terms linear in these nuisance estimation errors. The product
term remains, with a negative sign after solving for the slope. These estimation errors differ from
the projection errors in (2.6). Lemma A.2 gives the exact coefficient proof. The score expansion,
clipping error, correction consistency, and variance consistency then control the remaining terms
at the v/NT scale. Each argument uses the finite-range structure of oracle arrays before bounding
errors from estimating the coordinate and nuisance functions.

6 Smooth Scalar Moment Extension

A local coordinate need not be a sample mean. This section allows a known smooth scalar moment
to identify it, while retaining the same partially linear equations, grid projections, and target score.
The moment can depend on both regression disturbances. Its estimation error can therefore have
a nonzero second-order mean, which adds a third bias channel. The resulting feasible theorem uses
a smaller sieve window and a different finite-sample reporting rule from the sample-mean theorem.

10



6.1 The First-Step Expansion and Three Bias Channels

Let g(W,a) be a known scalar moment with E;[g(W;o, «;)] = 0. A regular coordinate solves

1 T
T;g(Wit,a) = 0. (6.1)

The equation is just identified and contains no estimated nuisance. The observations W;; include
the variables needed to evaluate g; a ratio coordinate, for example, uses (U, Rj¢) rather than Z;
alone. The observable root rule below differs from the oracle local branch used for the fixed-sieve
calculation in Appendix C.4.

Write Gl = Ei[aag(Wio, Ozi)], Hi = Ei[agg(I/Vio, Oéi)], and &t = —G;lg(Wit,ai). Thus El[&t] =0.
For the supplied fixed dependence bound L, define ©; = Z| jl<L E;[&i0&i;]. The first-step bias
coefficient is

Bi=—G;' Y Eil{0ag(Wio, i) — Gitéy) + %HzQz : (6.2)
l71<L

The first term reflects the random sample Jacobian; the second reflects curvature of the first-step
moment. Both vanish for g(W,a) = Z — a.

For g((U,R),a) = U — aR, with R bounded away from zero, the raw coordinate is &; = %Z ZZ
and &; = (Uyy — a; Rit)/ Ei[Rio]. Its bias coefficient is

Z|j|§L COV,;(Rio, Uij — OtiRZ'j>
E;[Rio]? '

Thus an affine moment can have a biased root through its random Jacobian.

Under the benchmark below, Lemma G.1 gives

Bi =

ai—aiZ;Zt:ﬁit+?+@T+riT, (6.3)
where Gir = ¢ir — Ei[gir] and hence E;[g;r] = 0. The bounds are |||y = O(T™") and [|rir||rr =
O(T_g/ 2) for 2 < r < 8. Here g7 is the quadratic expansion using the population Hessian H;,
defined in that lemma. The sample-Hessian expansion and its exact finite-window mean are treated
separately in Appendix C.4. The centered quadratic term is not negligible within a unit; its average
across independent units is negligible at the v/ NT scale.

Use the population score ;s i (a) and its derivative means p;x = E; Wl(tl )K} and v;x = E; Wf?}(]
The three score-drift channels are

1
B = Y S miell)
X i |jl<L . (6.4)
2 3 1 2 3
B%) = on ZZ: Vi S, B§<) N Zi:/iiKﬁia Bk = BEK) + B§<) + BEK)‘

These channels arise from derivative-influence covariance, score curvature, and propagation of first-
step bias. Along the growing-sieve sequences below, Lemma G.2 shows that Bg differs from T
times the expected panel-average score change by O(T -1/ 2). The change compares coordinates &;;
and «;.

The fixed-sieve calculation under local identification is given in Appendix C.4. It also applies to
scalar downstream scores with bounded first three coordinate derivatives and the stated finite-range
dependence.
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The third channel is small in the partially linear benchmark. Using the projection errors
Tm, i, Th i defined in Section 2.2, differentiation at fixed data gives

pik = Ex [—(0ami)rh x — Tm,kOahk + 2(0x — 00)rm, kOami], (6.5)

Here Ex integrates over the uniform covariate law, with functions evaluated at (X, ;). The pro-
jection bounds give sup; |pix| < CK~™{7m:m}/dw ynder either growing-sieve benchmark. Since
the first-step bias coefficients are uniformly bounded, ]Bg’)\ < CK—win{Tm,7h}/dw s (). The fea-
sible correction retains this channel: it can matter at finite K and for other downstream scores.
Appendix C.5 also shows why it must be retained after a nonlinear re-expression of the same
coordinate, even when the original coordinate is a sample mean.

6.2 Observable Roots and Primitive Conditions

For this benchmark, write V = E[vZ] and use o2 for its limiting variance:

o?=V"? Z E[viogiovijeij]- (6.6)
l71<L
The variance need not factor into separate autocovariances of v and e, because the present bench-
mark allows these processes to be dependent. The conditions below replace the measurement
equation and the sample-mean benchmark for this section.

Assumption 6.1 (Smooth scalar moment benchmark). All constants are uniform in i, N, T

(i) Sampling and model. The unit histories are independent. The deterministic coordinates
satisfy (5.1), with by = Cy/log N/T and C; = o(cy;). The covariates X;; are independent and
uniform on [0,1]%%, and independent of the entire (v,€) histories. Equations (2.2)-(2.3) hold. The
bounded, strictly stationary (v,€) histories have a common law that does not vary with N, T, with
E[vio] = Elei] = E[viogio] = 0, V > 0, and 0> > 0. The joint process containing X, vit, i and
the maps a — 0Lg(Wi,a), r = 0,1,2,3, is strictly stationary and L-dependent for a known fized
integer L > 0. For date sets whose minimum separation exceeds L, their generated o-fields are
independent. The moment may depend on X, v, €.

(ii) Moment and reported coordinate. There is a known compact interval A = [—d,1 + 0],
d > 0, such that E;[g(Wio, ;)] = 0 and inf; e 4 | E;[0,9(Wio,a)]| > c¢¢ > 0. For each unit the
population derivative has a constant sign on A. The moment and its first three derivatives are
uniformly bounded there, and the third derivative is uniformly Lipschitz. Let &; be the unique zero
of (6.1) in A when exactly one zero exists, and set &; = 1/2 otherwise. Report &; = . 14, ().
Choose Cy so that cCg > 16, where ¢ is the uniform root-tail constant in Lemma G.1.

(iii) Spline and smoothness. Use the normalized tensor-product B-splines of Assumption 5.1(iv),
with fixed dyw = dx + 1 and degree p > 4. The functions mg, hg have respective smoothness
3< T, Th <p+1 on WT, in the extension sense of Lemma D.4: their extensions to a fized open
rectangle containing W have bounded Hélder norms.

(iv) Growth. N/T — kg € (0,00), K — o0, K < )\I_(dw, and
K1+4/dw

T

The reported coordinate is selected from the observable sample moment equation on the known

interval A. Global population monotonicity ensures identification throughout that interval. In-

dependence of X and the joint moment condition E[voe;0] = 0 establish the grid-projection and

target-drift identities under part (i). The growth conditions are equivalent to K )\I_(4 /T — 0 and
T — 0.

—0, TK-(mtml/dw ¢ (6.7)
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6.3 The Feasible Correction and Standard Error

Throughout the remainder of this section, hatted and tilded quantities refer to the smooth-moment
procedure specified here. Its notation agrees with the sample-mean procedure, but its thresholds
and rejection defaults differ. Use the candidate profile fits in (A.1) with both thresholds equal to
ar = e T4, where ¢ > 0 is known and fixed; ¢y = 1 suffices. Accept when

Or = {Auin(@Qk) > ar, Jx > ar}. (6.8)

Here @ K 1s the generated-coordinate Gram matrix and jA K is the candidate residual second moment.
On acceptance, use the candidate profile fits and slope Ok, and set J i = Jk. The fitted score and
its derivatives are ¥ x = 1/1(Wzt,9K,7]K,aZ) and wth = OLY( n,QK MK, ;) for r =1,2. Write
—~ _ ~(1 ~
fiire = T71 2ot 1/’5,5}}( and Dig =T~ Zt it,K'

Estimate the first-step derivatives by Gt = 9,9(Wit, @;). Their sample mean is G; = T~} > Git.
The second-derivative ive average is H =71 > 029(Wy,@;). Estimate G;l by G—1; = 1/@1 when
|G | > ap, and set G-1 i = 0 otherwise. The explicitly centered first-step influence is

git = _G/";\li {g( 1taaz - Zg Wzsaaz } (6'9)

This definition applies even when root selection or clipping binds. With Ip(j) = {t: 1 <t <T, 1 <
t+j < T}, estimate the ﬁrst—step variance and bias by

Z Z Einists)

“]‘<L tEIT )

B\z‘:—é_\lz‘ Z Z fzt+j+ HQ

l71<L teIT(J)

(6.10)

Every lag statistic is divided by 7', so its finite-window expectation contains 1 — |j|/7". The three-
channel correction is

~ 1 1 1) 2 L5 .~ 73
BK:NZ Z T Z wz(t,)f(fi,t+j+§’/iKQi+“iKﬂi '

I VTR ) (6.11)
~ B
O = O — K
TJK

For variance estimation, let q?it,K = jf(l{@ug + ﬁiK@t} and ﬁgﬂ( =71 Dot &’\it,K- Evaluate the
lag statistic gx of Section 4.2 using this smooth-moment influence, and report 6% = max{ar, Jx }-
The coordinate contribution is retained before demeaning, and the floor keeps the reported standard
error well defined when the finite-sample lag statistic is nonpositive. On OF, report 0 = 0 = 0,
J, K = 3%{ =1, and B k= 0; set second-stage coefficients and uncalculated second-stage arrays to
zero. The first-step statistics keep their own definitions. All profile normal equations are asserted

only on Op. The standard error is 65 /v NT, with o5 = \/8%.

6.4 Feasible Inference

The normalized oracle influence remains unit-centered:

bii = Tt {Wirre — Bilthie i) + pircit} - (6.12)
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Theorem 6.2 (Feasible inference for a smooth scalar moment coordinate). Under Assumption 6.1,
the procedure with acceptance event (6.8) satisfies P(Or) — 1, Bk — Bg = 0p(1), and

\/ﬁ(gf( — b)) = \/]l\fiT Z Git, ik + Op(l) ~ N (0, 02). (6.13)

Moreover, 3. 2, 02 and \/NT(gK —0o)/oK ~ N(0,1). The uncorrected estimator has the repre-
sentation
~ 1 _
VNT (i = 00) = Zt: it + VN/T T Bic + 0p(1). (6.14)
If additionally Bx — Beo, its limit is N'(\/koBoso/V,0?), with o given by (6.6). The centered
conclusion requires no convergence of the bias coefficient.

Appendix G proves the theorem from the moment equation, the random-coordinate Gram
bound, and the nuisance normal equations. At the v/NT scale, the quadratic remainder from
profile estimation in Section 5.3 is O,(K ™4/ /T) = 0,(1) under (6.7). Thus the proof controls
shared nuisance estimation separately from the local coordinate expansion.

To compare the two sufficient sieve windows, write d = dy, s = 7, + 74, and K < T9. Table 1
expresses both results on the same dimension scale.

Table 1: Two sufficient sieve windows for K =< T4Y

Coordinate and additional structure Sufficient exponent ¢

Sample mean; exact linear expansion and mixed-third d/s < ¢ < min{1,2d/(max{d,3} +4)}
cancellation
Smooth scalar moment; regular unique root d/s < qg<d/(d+4)

A sequence satisfying (6.7) exists exactly when s > d + 4. In mesh terms the first restriction
is T)\‘]i(+4 — oo. If s < d+ 4, then T} > T)\;l(“‘ eventually, contradicting the second restriction.
If s > d + 4, the interval in Table 1 supplies a sequence. For example, d = 2, 7,,, = 7, = 4,
and Ax = T~1/7 make both remainders of order T-7. The fixed-degree smoothness bound also
requires d < 2p — 2 for an admissible pair of smoothness orders to exist.

For gW,a) = Z —a, G; = —1, H; = 0, & = (it, and B; = 0. The feasible first-step bias
is identically zero, and the correction reduces to two channels, up to the controlled clipping and
demeaning differences. The sample-mean theorem retains the wider window (5.9) under its ad-
ditional structure. Theorem 6.2 supplies a separate sufficient route with no mixed-third-moment
cancellation.

7 Simulation Evidence

The simulations ask whether the two bias channels can conceal each other, whether their feasible
correction restores centered inference, and whether the smooth-moment procedure works with a
biased first step. The fixed-sieve experiment separates the mechanisms. The growing-sieve exper-
iment adds nonlinear nuisance functions and measures coverage. A ratio-coordinate experiment
then implements the separate smooth scalar moment procedure.

Common panel design. The first two experiments use the model in Section 2, with 6y = 1,
independent units, and X;; independent and uniformly distributed on [0,1]. For ¢ € {(,v,e},
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define ¢f; = (uf, + 0.5uf,_;)/v/1.25. The innovation pairs (ugt, u},) are independent and identically
distributed over (i,t), with Rademacher marginals and correlation p,¢c. The Rademacher sequence
ug, is independent of the entire (u€,u’) process. Set (i = 0.1qft, vit = qj, and € = ¢5,. This
construction has known dependence range one. The deterministic coordinates are equally spaced
on [2byr,1 — 2by7], where by = min{0.25,/log(N)/T,0.20}. Full-history estimators use the
reported coordinate @; = I, 14y, (&)-

7.1 Separation and Cancellation of the Bias Channels

The fixed-sieve experiment, labeled Layer A in the figure and replication outputs, uses nuisance
functions lying in the spline span:

mo(z,a) = 0.5(x — 0.5) + B (a — 0.5),
ho(x,a) = 0.5(x — 0.5)% + By(a — 0.5).

Five scenarios pair (S, Bn, poc) with the analytic coefficients (Bg), BE?)): null, (5,0,0.5) with (0, 0);
derivative only, (0,5,0.5) with (—0.45,0); curvature only, (5,5,0) with (0,0.45); reinforcement,
(=5,5,0.5) with (—0.45, —0.45); and cancellation, (5,5,0.5) with (—0.45,0.45).

The cancellation scenario is the clearest demonstration that total bias alone does not diagnose
reuse. In the high-precision N = T = 200 cell, the estimated derivative and curvature coefficients
are —0.440 and 0.440, leaving the uncorrected v/ NT-scaled bias at 0.003. Buffered splitting removes
the cancellation: its scaled bias is 0.893, compared with the doubled-curvature prediction 0.900.
In the reinforcement cell, the uncorrected bias is —0.896, compared with the prediction —0.900,
and full correction reduces it to —0.030. Across all five high-precision scenarios, the largest gap
between the uncorrected bias and its two-channel prediction is 1.84 Monte Carlo standard errors.
The largest corrected bias is 1.38 Monte Carlo standard errors from zero, and the buffered-split
comparisons are within 1.55 Monte Carlo standard errors of their predictions.

This experiment uses five open-clamped, Lebesgue-L2-normalized degree-four B-splines per di-
rection, giving K = 25. At T' = 50, 100, 200, the respective N grids are (12,50, 200), (25, 100, 400),
and (50,200, 800), corresponding to nominal aspect ratios 1/4, 1, and 4. Each broad-grid cell uses
500 replications, and the N = T = 200 cells use 2,000. Figure 1 reports the broad grid. No
replication in either set activates the root or variance fallback, and the maximum clipping rate in
the 2,000-replication cells is 0.002%.

The comparisons include the oracle-coordinate and uncorrected estimators, the oracle bias cor-
rection, each partial correction, the full correction, buffered splitting, and the split-panel jackknife
(SPJ). The two split estimators are point-estimate diagnostics; we report no standard errors or

coverage for them. If 5([;) and §(I?) are the profile estimates from the first and second halves, the

SPJ estimate is 20k — (5(1;) + g(lg)) /2. Each half reestimates the coordinate and both nuisance
regressions using the full-sample spline basis and clipping interval. These halves are contiguous
and have no intervening buffer.

7.2 Growing-Sieve Inference

The second experiment, labeled Layer B in the table and replication outputs, uses nonlinear nuisance
functions:

mo(x,a) = 0.6sin(27x) + 2.5sin(7wa) + 1.5za,
ho(z,a) = 0.5 cos(2mx) + 4a + 2sin(ma) + 1.25sin(27z) sin(wa).
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layer_a_mechanisms.pdf

Figure 1: Layer A mechanism evidence. The broad grid uses 500 replications per cell. Panels A
and C use N = T = 200; bars show Monte Carlo means with 95% Monte Carlo intervals and
crosses show finite-sieve predictions. Panel B tracks coverage for the reported estimator in the
reinforcement design at the aspect ratio nearest one; vertical bars are Wilson intervals. Panel D
varies the nominal aspect ratio at 7 = 200 and compares the uncorrected v/ NT-scaled bias with
its predicted noncentral shift.

Here p,¢c = —0.5, so the bias channels reinforce. The (IV,T) grid is unchanged. Each cell uses 1,000
replications, with (6, 7, 8) normalized basis functions per direction at T = (50, 100, 200), giving K =
(36,49,64). We compare the oracle-coordinate, uncorrected, two partial-correction, full two-channel,
and SPJ estimators. The finite-sieve target x and long-run channel coefficients are computed by
32-node Gauss—Legendre integration over x and discrete averaging over the deterministic a; grid.
Errors are measured relative to both 6y and 6. Both bias channels and the cluster variance use
the uniform lag-one kernel implied by the design.

Table 2 reports the N = T = 200 cell. The uncorrected v/ NT-scaled bias is 0.744, compared
with the finite-sieve prediction 0.778, a gap of 0.94 Monte Carlo standard errors. Correcting both
channels reduces the scaled bias to 0.008, which is 0.21 Monte Carlo standard errors from zero.
The contribution of 8 — g is only 0.0002 on this scale. Each partial correction leaves a substantial
residual bias.

The full correction also improves inference. Its SE-to-SD ratio is 0.993, and the studentized
statistic has mean 0.007, standard deviation 1.007, and empirical 2.5% and 97.5% quantiles —1.805
and 1.916. Coverage is 95.9%, with Wilson interval [94.5%,97.0%], compared with 89.5% for the
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Table 2: Layer B growing-sieve inference at N =T = 200

Method V/NT-scaled bias SE/SD  Stud. SD  Coverage [Wilson]
Oracle « 0.023 (0.036) 0.987 1.013  0.954 [0.939, 0.965]
Uncorrected 0.744 (0.037) 0.996 1.004 0.895 [0.874, 0.913]
Derivative correction 0.396 (0.037) 0.995 1.005 0.933 [0.916, 0.947]
Curvature correction 0.356 (0.037) 0.994 1.006  0.935 [0.918, 0.949]
Two-channel correction 0.008 (0.037) 0.993 1.007  0.959 [0.945, 0.970
SPJ 0.047 (0.037) - - -

Notes: 1,000 replications; K = 64. Parentheses are Monte Carlo standard errors; brackets are Wilson intervals for
coverage. The split-panel jackknife is a point-estimate benchmark.

uncorrected estimator. No replication in this cell activates the root or variance fallback, and clipping
never occurs.

Bias correction is effective with fewer clusters as well, although coverage is less accurate. At
T =200 and N =50 (N/T = 1/4), the corrected scaled bias is 0.002 and coverage is 93.4%, with
Wilson interval [91.7%, 94.8%)]. The SE-to-SD ratio is 0.952, and the studentized standard deviation
is 1.051. Small estimated standard errors therefore accompany the remaining undercoverage. These
summaries do not separate variance-estimation error from Gaussian-approximation error with 50
independent clusters. Appendix B, Table B.1, reports all nine design cells.

Both panel experiments use the sample-mean benchmark, including its mixed third-moment
restriction. The ratio experiment below uses the smooth scalar moment procedure and permits a
nonzero corresponding mixed third moment. All experiments retain deterministic coordinates and
a supplied dependence bound.

7.3 A Ratio Coordinate

The final experiment implements the complete procedure in Section 6. There are no X covariates,
so dyw = 1. Let Sy, Z},, and Ej be independent Rademacher variables across all indices and
components, and set

Ry =1+ 1Si, Uit = o; Ry + 0.1{1S;s + R Z},},
D = 10(cv; — 3) + Sat, Yit = Diy + 10(c; — 3) + Ejy.

The target is §gp = 1. The known first-step moment is g((U, R),a) = U — aR on [—2,3]. Because

R;; > 3/4, its unique sample root is &; = % The coordinates are equally spaced on [2b7, 1—2b7],
t

with by = /log N/T, and the reported coordinate clips this root to [by, 1 —br|. The numerator error
has range 1/4. Hoeffding’s inequality and 771 >, R;y > 3/4 give P;(|é; — | > x) < 2exp(—18Tz?).
Thus the clipping constant meets cCg > 16 in Assumption 6.1.

We use normalized degree-four B-splines with (Tl/ ™ equal positive knot spans, known lag
bound L = 0, and threshold constant ci = 1078. At N = T = 500 and 1000, this gives K = 7;
each cell uses 1,000 replications. The nuisance functions lie exactly in these spaces, so 0 = 6.
The two sample sizes hold K fixed and introduce no sieve approximation error.

The first-step bias is nonzero, but its population score contribution is zero. Direct enumeration

gives f; = —0.00625, ; = 0.01125, and E[Si¢3] = 0.005. The score derivatives are ¥ ) =
—10(Ei + Sit) and %(tz)K = 200, so p;x = 0. Consequently, Bg) = —0.25, Bg) = 1.125, and

BS) = 0. The predicted scaled root shift is 0.875, with Jx = ¢? = 1. This design separates first-
step bias from its propagation to the target score, while allowing a nonzero mixed third moment.
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Table 3: Feasible inference with a ratio coordinate

N =T Method vV NT-scaled bias SE/SD  Coverage [Wilson]
500  Uncorrected 0.830 (0.032) 0.992 0.863 [0.840,0.883]
Full correction —0.029 (0.032) 0.990 0.950 [0.935,0.962]

1000  Uncorrected 0.859 (0.032) 1.000 0.862 [0.839,0.882]
Full correction —0.010 (0.032) 1.000 0.963 [0.949,0.973]

Notes: 1,000 replications per cell, seed 20260913, K = 7. Parentheses report Monte Carlo standard errors
of scaled bias; brackets report 95% Wilson intervals for coverage of nominal 95% intervals. SE/SD is the
mean estimated standard error divided by the empirical standard deviation of the corresponding estimator. All
statistics include the specified rejection rules. The first-step Jacobian, bias channels, and variance are estimated
from the simulated observations.

Table 3 compares uncorrected and fully corrected inference using the same feasible standard
error, which includes the first-step influence. At N = T = 1000, correction reduces scaled bias
from 0.859 to —0.010, which is 0.32 Monte Carlo standard errors from zero. The estimated channel
coefficients average —0.249 for Bg), 1.118 for Bg), and —0.00014 for BS). The average estimate of
B; is —0.006248. Coverage rises from 86.2% to 96.3%, and the corrected Wilson interval contains
95%. Neither sample size activates root fallback, clipping, second-stage fallback, or the variance
floor. This experiment checks the feasible correction and variance estimator for a first step with
a random Jacobian; its first-step bias has zero population score multiplier. The growing-sieve
comparison with approximation error is supplied by the preceding experiment.

8 Conclusion

A coordinate estimated from its own unit history can change both the centering and the sampling
variation of an orthogonal panel score. Its order-T—! drift can remain first order at the panel rate
V/NT. Derivative-influence covariance and curvature explain the two surviving channels in the
partially linear model; the propagation of first-step bias vanishes as the nuisance sieve grows. The
channels can cancel, so an apparently unbiased uncorrected estimator can still respond sharply to
splitting. For a sample mean and a fixed sieve, buffered splitting removes the covariance channel
and retains curvature, with twice the leading curvature coefficient under an equal split.
Estimating these channels from the full history restores centered inference. The sample-mean
and smooth scalar moment results use separate procedures and sufficient sieve windows. The ratio
experiment shows that a biased first step can have zero population contribution to the profiled
score, while the other two channels still require correction. Extending the same analysis to random
coordinate designs, unknown dependence ranges, or overidentified local moments would require
corresponding control of coordinate estimation, lag truncation, and the quadratic profile remainder.
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Appendix roadmap. Appendix A collects the coefficient representation, observable reporting
rules, and exact profile identities. Appendix B reports the complete simulation grid. Appendix C
develops the fixed-sieve bias mechanism and sampling expansion, including its smooth-coordinate
and split-sample extensions. Appendix D proceeds from deterministic spline properties and co-
ordinate clipping to nuisance coefficient rates, Gram-matrix bounds, and estimator localization.
Appendix E derives the scalar score expansion, proves consistency of the bias correction and vari-
ance estimator, and identifies the primitive bias limits. Appendix F combines these bounds in one
proof of the sample-mean growing-sieve theorem. Appendix G proves the observable-root expan-
sion, uniform Gram bound, nuisance rate, feasible correction, and studentization for smooth scalar
moment coordinates.

A Coefficient Representation, Implementation, and Supporting
Identities

The main text and appendix use explicit unit and time sums. Unless a range is specified, unit
sums run from 7 = 1 to N and time sums from ¢ = 1 to T; ), , includes both indices. Write
b = 0k — 0y for the finite-sieve target drift. Under the conditional-law convention, persistent unit
coordinates and population coefficients are held fixed, while a coordinate estimated from a unit
history is integrated jointly with that unit’s score.

For the coefficient calculations, use the unnormalized influence x;; x = Jx ¢, k. Hatted quanti-
ties keep the reporting rules of their respective sample-mean or smooth-moment procedure. For an
observation array @, write HQH?\,T’Q = 7 Dot |Qit||?, using the Euclidean norm for vector arrays.

For proof-local time averages, write 1;x (a) = T1 Y, it i (a) and @52 (a) =T, ¢Z.(£)K(a), with
r =1,2,3. An omitted argument means evaluation at «;; the parenthesized superscript records a
derivative order.

The exact clipped-coordinate drift coefficient By is defined in (A.6). Appendix C.2 treats
the raw sample mean directly. Appendix C.4 introduces the oracle local root and its sample- and
population-Hessian expansions; Appendix G applies them to the observable smooth-moment root.

A.1 Stacked Moments and the Plug-In Estimator

For ¥ = (0,¢")T with ¢ = (y7,6")7, set upit(y,a) = Dy — pi(Xit,a) Ty and uy,it(6,a) =
Yit — pr(Xit,a) 6. Write cx = (7},(5;{)T and 9 = (HK,CIT()T. The scalar coefficient score is
six(V,a) = v(Wiu; 0, (py,pid),a); in particular sy x(x,a) = ¥ix(a). The full (1 + 2K)-
dimensional moment vector is
Sit,K(ﬁa a)
Jitk (9,a) = | pr(Xit, a)up,it(7y, a)
pi (Xit, a)uy,i (0, a)

The last two blocks identify the grid projections. At the population coefficients, their normal
equations give the nuisance orthogonality

1 1
7,0 9= it
K
? LZE'[ i1 (0, i) _*LZE‘[]D (Xit, ci)upie. ] = 0
(o) NT — I Szt,K , O = NT — i |PK ity O uD,zt,K = ().
b D= i
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Here every basis and residual is evaluated at the true coordinate. The sample counterparts are also
the normal equations that produce the exact profile cancellation used in Section 5. For the fixed-K
analysis below, let 19K denote the globally measurable extension defined by the reporting rule in
Appendix A.2. On the acceptance event G it is the profiled solution to NT Zl . fit, K(ﬁ K, &) =0;

off that event it equals a fixed deterministic vector. Let HK be its first coordinate. Section 4 uses
the same construction at the clipped coordinate for the growing-sieve analysis.

For the coefficient derivatives, use pg itk (a) = Oupr (Xit, @), Daait,x(a) = 2px (Xit,a), and
qit(V, a) = uy (9, a) — Bup (7, a). Differentiating the scalar score gives

’(tl)Kw a) = —{pa,it.x (a) "7} (9, a) — up (v, )pait. (@) (5 — 07),
Siixc(950) = = {Paait.i (@) 7} it (9, @) = up,it(¥, )paaitic (a) (5 = 67)
+ 2{pa,it, i (@) Y Hpaitx (@) (6 —07)}.

The first and second derivatives generate the derivative—influence and curvature channels, respec-
tively.

A.2 Profile Estimation and Acceptance

Both coordinate constructions use the same candidate profile regression. A check denotes candi-
date profile coefficients, residuals, and their second moment; their reported versions carry a hat.
At generated coordinates @;, set pir k = pr (X, @;) and @K = ﬁ Zi,t ﬁth@TtK For positive
thresholds cs. 7, cv,7, compute

~ 4 1 . < ~ 41 ~
VK = QKlﬁ > bixDit, Ok = QKlﬁ > biexYar,

it it
Upgt = Dy — @I,K’?K, Uy,it = Yit — Py,  KOK, (A1)
. 1 i
Jk = NT (UD,it)2

it

when )\min(@\K) > cx,7. On failure of this Gram test, set the candidate coefficients to fixed
deterministic defaults, define the candidate residuals from those coefficients, and set Jx = 0. Thus
the last equality in (A.1l) is asserted when the Gram test passes. Accept the candidate when
this Gram test and Jx > cy,r both hold. On acceptance, report the candidate coefficients and
Ok = (jK)_lﬁ > i1 WD iyt

The sample-mean procedure uses fixed thresholds cx 7 = cx; and cy,r = cv /2. For the growing-
sieve benchmark choose (A.2); for the raw fixed-K result use the thresholds in Assumption C.2.
Its acceptance event is G . On rejection, report a fixed deterministic vector ol = (9}(, K ,(5”)
Using the reported coefficients on the whole sample space, define up ;4 x = Dj — ﬁit’ KK, Uy it K =
Y —]72;1(3[(, and jK = ﬁ Zi,t ﬂQDva. For the coefficient calculations, let Hg = {)\min(@K) >
cs}. Then G = Hx N {Jx > cv/2}. When the Gram test passes but the second-moment
test fails, the checked quantities retain their candidate values; the reported hats use the rejection
vector. The correction and variance formulas below apply on Gx and receive their stated defaults
otherwise. Appendix D.5 proves that acceptance has probability approaching one. The smooth
moment procedure in Section 6 instead uses declining thresholds and its own rejection defaults.

Tuning convention. For bias correction and variance estimation, retain the integer lags |j| < L,

each with weight one. All other lags have weight zero. The supplied upper bound L is held fixed;
the panel simulations use the known MA(1) dependence range.
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Let cgr > 0 denote the uniform lower eigenvalue constant for the population grid Gram estab-
lished in Lemma D.8. Choose the deterministic estimator thresholds so that

0 <ex < /2, 0<cv<03. (A.2)

A.3 Sieve Approximation Bias

Write 7y itk = mo(Xit, 05) — mi (X, 05) and rp ek = ho(Xit, ;) — hie(Xit, ;); when indices
are suppressed, 7y, 7, denote these projection errors. The following argument proves (2.6) and its
projection-error bound.

Proof. Substitute up = v 4+ r,,, and uy = Opup + r, + € into the target numerator:

1

Tkbx = S

Z Eilup,it,k (wy,it, k — Ooup it i )]
it
1
=NT zt: Ei[(vit + Tmit, k) (Thoit i + €it)]
1y
1
= ﬁ Zt E; [Tm,z‘t,KTh,it,K]
1y
1
+ NT Zt Ei[viaTh itk + Tmit, KEit + Vit€it)-
2
Under the conditional-law convention in Section 2.1, the projection targets are held fixed and ry,,
are functions of (X, C;). Hence

Ei[virnit k] = Eilrn i, Elvie | Xa, Ci]] =0,
E; [rm,it, k€it] = Ei[rm,ie,k Elei | Xie, Ci]] = 0.

The remaining cross term vanishes by E;[vye;;] = 0. Dividing by Jx proves (2.6). The same
orthogonality gives

1
Jx = N7 Z E:[vZ + 20irmitx + r?n,z’t,K]
it

1 1
= NT Z Ei[vg] + NT Z I [Tgn,it,K]v
it it

1/2 1/2
_ 1 1
b | < J! NT ; E; [sz,z’t,K] NT ; E; [7"}21,#,1(]
et
< ONpTTh,
Using K = )\I_(dW gives the dimension-rate bound in Section 2.2. 0

Lemma A.1 (Centered fixed-sieve sampling expansion). Suppose K is fized, Assumption 3.1 holds,
and N,T — oo with N/T — k € (0,00). Then

o7 o Wi (60) ~ Bl sc(@i)]} = 5o i + 0p((NT)2). (A3)
it it

23



A.4 Exact Profile and Correction Identities
Let ey =k — VK, €5 = SK — 0k, and e = es — Oke,.

Lemma A.2 (Exact profile identitAy). For any generated-coordinate array, on an event where the
profile normal equations hold and Jx > 0,

1 . ~ o~ ~
NT > ik (@) = Jx Ok — 0k) + €] Qrcen. (A.4)
it
For the sample-mean procedure this event is G ; for the smooth moment procedure it is Or, defined
n (6.8). Multiplication by its indicator gives the corresponding unconditional identity.

Proof. We first express the target-coefficient residuals in terms of the estimated residuals and
coefficient errors. We then derive the four normal-equation cancellations available on the event in
the lemma. Expanding the target score produces six products; those cancellations remove four of
them and leave the denominator term and the quadratic profile term in the lemma.

Define the target-coefficient residuals at the generated coordinate, up ;1 x = Dit — @Tt x VK and

uy itk = Yit — ﬁ;KéK. They satisfy

~ ~ T
Up,it, K = UD,it, K + Dit K€, (A5)

~ ~ ~ ~ —~ ~T
uyitk — OkUpitk = Git,k + (0 — Ok )Up it ik + Dit i

where Git, k = Uy,it,k — OKUD it K -
The profile normal equations imply

1 PN 1 PR 1 . ~
NT zt:pit,KuD,it,K =0, NT zt:pit,KUY,it,K =0, NT zt: up,it,kQit,k = 0.
1, 2, 1,
The first two equations also imply

1 .
NT > DukGik = szt KUY,it,Kk — 9K szt KUp,it,x = 0.
it

The target score is ﬁ Zi,t up,it. Kk (Uyit,k —OKUp it i ). Substituting (A.5) and expanding every
product gives

1 R 1 R N N 1
NT ;wit,K(ai) = NT ZUD,it,KC]z‘t,K + (0K — QK)W ZuD it, K T e7T NT szt KUD,it, K
+e ,YNTsztK%tK‘F(@K QK) VNTZpZtK D,it,K

+ 63 (ﬁ ;@t,Kﬁ£7K)ew

The first, third, fourth, and fifth terms are zero by the displayed normal equations. The second term
equals J K(OK 0k ), and the sixth equals ey Q xer. These are exactly the two terms in (A.4). [

For the clipped coordinate, define

Brer = v 3 Ealtu (@) — v (o). (A.6)

it
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Appendix E.1 proves the exact score expansion

1 - 1 1
NT > ik (@) = NT > wik + BT +To.R K (A7)
it it

where /NT|rg r 1c| = 0,(1) under the rate window below.

To expose each term, substitute the score expansion (A.7) into the left side of the profile
identity (A.4), solve for fx — 0k, and then subtract the correction in (4.1). On Gk, these three
operations give

~ ~ 4 1 ~
9[{ — 9[{ = JKlﬁ int’K + JKlT‘g’F,K

it
. (A.8)

— Jg'el Qrex + %(BKT — Bg).
The four terms are sampling variation, the score-expansion remainder, the profile remainder, and
correction error. Under the rate window below, the last three terms are o,((NT)~1/2), whereas the
sampling term satisfies a cluster central limit theorem.
The exact finite-T coefficient By, its long-run approximation Bg, and the feasible estimate
By enter separately. Appendix E.2 establishes their asymptotic equivalence.

A.5 A Finite Moving-Average Benchmark

Example A.3 (Finite moving averages, including MA(1)). Let {Uix = (uft,uft)—r} be a bounded,
centered array that is independent and identically distributed over (i,t), and let {u5,} be a bounded,
centered array that is independent and identically distributed over (i,t) and independent of the
entire U process. For fixed q. < L, coefficients pco =1, and ¢ € {(,v,e}, set ¢y = Z;Z‘C:O Pe,jUs -

If E[uft(uft)z] =0, then (5.2) holds. Moreover,
Yoc(3) = Blubug] Y pokpc s,
keZ

where coefficients outside their filter ranges are zero. Taking q¢,qy,q: < 1 recovers the bounded
joint MA(1) benchmark.
A.6 When the Derivative—Influence Channel Is Nonzero

For the primitive channel proofs, write v,¢(j) = E[vio(i;] and v¢(5) = E[(io(ij]. Because E;[(;;] = 0,
the covariance channel is unchanged if wié?K is replaced by wl%’)K — ;. Define the local loading
Gy g = N1 > Ex[2bx0.mi (X, o) —Oahk (X, o;)] and boundary contrast by, = f[OJ]dX {ho(z,1)—
ho(z,0)} dz. Here Ex integrates over the uniform covariate law. The exact covariance loading and
its boundary limit are

Bg(l) = Qu@v,}(, Ay, )¢ —> —bp.
The proof is in Appendix E.5.
For the curvature proof, locally write ¢, = fW+ Oamo(z, a)0gho(x, a) dz da.
A.7 Supporting Rate Conditions

The channel limits identify the centering error. We next collect the rate conditions used to
control nuisance estimation, the feasible correction, and studentization at the vV /NT scale. Let
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m = max{dw,3} and rx = )\;(m/ 2 /T. The sufficient remainder conditions are

AT =0, MNPrx —0,  Kylog(NK,)/T — 0. (A.9)
> w(i)=)

Let v.(j) = E[ciocij] for ¢ € {v,e}, let ®ip = T-1/2 Zthl dit, i, and define o2 = i<k R

Under (A.9), the appendices establish that acceptance has probability tending to one, together
with the nuisance and profile-remainder rates, consistency of both bias channels, and feasible vari-
ance consistency. Along growing-sieve sequences with Ax — 0, they also show that the residual
denominator and variance target converge to strictly positive limits and prove the cluster central
limit theorem. Appendix F.1 combines these bounds in the proof of Theorem 5.3.

B Additional Simulation Results

Table B.1 reports inference for the corrected estimator in every Layer B design cell. The v/ NT-
scaled bias is small by T = 200 at all three aspect ratios. Coverage is weakest in designs with
few independent clusters and is otherwise close to nominal. In the T = 200, N = 50 cell, the
corrected v/ NT-scaled bias is 0.002 but coverage is 93.4%. The SE-to-SD ratio of 0.952 and
studentized standard deviation of 1.051 show that small estimated standard errors accompany the
undercoverage. These summaries do not identify the separate contributions of variance estimation
and the Gaussian approximation with 50 independent clusters.

Table B.1: Layer B corrected inference across the full design grid
T N/T N K +/NT-scaled bias SE/SD Stud. SD  Coverage [Wilson] Defaults (root/var.)

50 0.24 12 36 -0.242 (0.039) 0.915 1.102 0.915 [0.896, 0.931] 0.000/0.000
50 1.00 50 36 -0.050 (0.038) 0.948 1.056  0.939 [0.922, 0.952] 0.000/0.000
50 4.00 200 36 0.050 (0.037) 0.978 1.022  0.940 [0.924, 0.953] 0.000/0.000
100  0.25 25 49 -0.204 (0.038) 0.960 1.043  0.939 [0.922, 0.952] 0.000/0.000
100  1.00 100 49 -0.003 (0.036) 1.009 0.991 0.954 [0.939, 0.965] 0.000/0.000
100 4.00 400 49 0.070 (0.036) 1.004 0.996 0.956 [0.941, 0.967] 0.000/0.000
200 0.25 50 64 0.002 (0.038) 0.952 1.051 0.934 [0.917, 0.948] 0.000/0.000
200 1.00 200 64 0.008 (0.037) 0.993 1.007  0.959 [0.945, 0.970] 0.000/0.000
200 4.00 800 64 0.019 (0.037) 0.993 1.008  0.950 [0.935, 0.962] 0.000/0.000

Notes: Each cell uses 1,000 replications. Parentheses report Monte Carlo standard errors for the v/ NT-scaled bias.
Coverage is unconditional; brackets give Wilson intervals. The final column reports the root- and variance-default
rates. The basis dimension is K = 36,49,64 at T" = 50, 100, 200, respectively.

C Fixed-Sieve Bias Mechanism and Extensions

C.1 Shared Finite-Range Probability Bounds

All bounds below may be applied conditionally on the unit information, with constants uniform in
the units. The dependence range is fixed.

Lemma C.1 (Scalar and vector means, lag products, and window weights). Let Q;; be centered
and L-dependent in the sigma-field sense. For scalar or vector Qi with ||Qit|lpe+ < A, where A > 0,
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the constant in

_I_
L?

< CLAT1/? (C.1)
Lt

1 1
TZt:Qit T;Qit

is independent of the vector dimension. If |Qu| < A is scalar, then P;(|T~! > Qi > x) <
Cpexp(—cpTx?/A?), and its conditional L} norm is at most C’Lﬂnfli’_l/2 for every fixed r > 2. For
jointly finite-range scalar arrays U,V with bounded fourth moments,

1 C;
Var; T Z (UitVijitj — EilUitViggs]) p < 7]7 (C.2)
telr(j)

for each fixed j. Stationarity gives the exact identity

T
7 S BTVl = 3 (1 /D EdlUioVil (€3

t,s=1 l7|1<T

If units are independent, the centered pooled vector mean has conditional L? and L* norms at most
CrLA/VNT. These statements apply to fized-lag oracle products after increasing the range by their
fized lag span; they do not assert finite dependence of fitted arrays.

Proof. The second-moment expansion has at most 7'(2L + 1) nonzero terms E;(Q;s, Qst), each
bounded by A2. For the fourth moment, expand

4
Z Qit = Z EZKQ’LH ) Qit2><Qit37 Qit4>]'
t

t1,t2,t3,ta

E;

Join dates separated by at most L. An isolated date is independent of the other three and occurs
linearly, so its centered expectation is zero. A surviving graph has at most two components: choose
their representative dates in at most 72 ways, then their remaining offsets in Cy, ways. Holder’s
inequality bounds each surviving term by A*. This proves (C.1). The same argument applied
to the independent centered cluster sums proves the pooled bounds. For bounded scalar arrays,
partition dates into their L + 1 residue classes. Each class is an independent sum; the full average
is a convex combination of its class averages. Hoeffding’s inequality and a union bound give the
stated tail, and E; |Q;|" = r [ 2" 'P;i(|Q;| > z)dx gives the moments. A fixed-lag product is
(L + |j|)-dependent. Its variance has only O(T') nonzero covariance pairs, proving (C.2). Finally,
exactly 1" — |j| pairs satisfy s — ¢ = j, which proves (C.3). O

C.2 Direct Sample-Mean Drift and Sampling Expansion

Population part of Proposition 3.2 and Lemma A.1. Use Assumption 3.1, with K fixed. Here A; =
&j—o; =T71 >4 Git exactly. The localization condition and bounded score on A allow the following
global decomposition:

- . — —(1 12
Birc(60) = D () = VR i + SHRA? + Rise,
|Rixller < CllAi3s + CPi(ay ¢ L)V =0(T73/?),  r=1,2.
: L2
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The second line uses Taylor’s bound on I;, a bounded envelope on its complement, and Lemma C.1.
Exact stationary window counts give

TEDRA] = 3 (1 l/T) B Gl
l7I<L
TEA?] =Q; +O(T™),

—(2 —(2 _
B — vir)AH| < TIDE — vikcll 21 8il 25 = O(T17),

Averaging these expectations proves (3.2). For centered sampling, put U = ;5 (&) — ¥ 5 () —
wi ;. The same expansion gives | Uik ||;2 = O(T~!). Thus conditional independence across units
implies

2

T
E | N Z(UiK*EiUiK) C :N;Vari(UiK)SC/T.

i

After subtracting the exact unit expectations, the remaining linear term is ﬁ Zi,t Zit, k¢, which
proves (A.3). O

Assumption C.2 (Fixed-K sample stability). The following conditions hold:
(i) Acceptance probability and Gram stability. For the event Gi constructed in Section D.5,
P(G5) =+ 0. On Gr, ||Qx |+ [ Q%] =o0u().

op op

(it) Oracle denominator law. = Dt u2D7it7K — Jx = 0p(1).
(iii) Bounded targets. 0 < cy < Jx < Cy < 0o and |0k| + ||y + |0x| = O(1).

Estimator part of Proposition 3.2. Let R denote D or Y, let br denote v or df, and put Fy(a) =
i (Xit, a){Rit — p(Xit,a) "br}. Write FZ(»U =71 > ¢ 0aFit(cy). The population projection gives
o > i+ EilFit(i)] = 0. Taylor expansion of this fixed-dimensional moment gives

1 ey — L oy L FOA
M;Et(az)— NT;:FM(OQ)"_ NZZ:EZ[FZ ]Az
1 =0 w0 A 1
+ =D (Fy —EF )N+ 0p(T7).

The first term is centered unit by unit before applying the shared vector bound; its aggregate pop-
ulation mean is zero by the projection equation. The second term uses centered coordinate means
and bounded derivative means. Both are O,((NT)~'/2). Holder’s inequality bounds the average
absolute value of the third by C/T. The local Taylor remainder and the bounded exceptional
branch give the displayed Op(T_l) term. On G, the affine normal equations now give

~ 1 .
-1 . ~ _
b b = Q' S (). e = el + 18—l = 077,
because N/T — k € (0,00) and the Gram is stable. With dq it x = mi (X, &) — my (Xit, o),
the exact square identity (D.36) applies with e, = Jx — yx. Here ||dollnr2 = Op(T~Y?),
|NLT Zi’t up,it, Kdait, k| < |lup||nT2lldal|NT,2, and e;rQKeq, = Op(T_Q). Assumption C.2(ii) there-
fore gives Jx — Ji = 0,(1). Also ex = (g — k) — ey = Op(T1), s0 \/NT|€,—YFQK67T‘ = 0,(T71).
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The population and centered score calculations above, inserted in the exact profile identity, yield
~ ~ . 1 ~
VNT (O — 0k ) = JKlﬁ Zt: zit i + /N/T T Bi + 0p(1).

The normalized centered sum is O,(1) by the shared second-moment bound, and Bx = O(1).

Replacing J I_<1 by JI}I proves (3.3); the acceptance-event transfer in Remark D.18 makes it global.
O

C.3 Buffered Within-Unit Splitting
Proof of Proposition 3.3. Use the two evaluation blocks from Section 3.2. Let EHK (a) be the score

1: 9
evaluation dates are separated by 2L+ 1. Sigma-field L-dependence therefore makes the evaluation
score and its true-coordinate derivatives conditionally independent of the training mean. Taylor

expansion gives

average on block j, AT — T__j1 Zsez,jT Gis, and Ty = Ty, T 9 = T}. The closest training and

Dijr =, j (o + AZ(-_])) — ;o)
—(1) A (=) 1=@ ~j
= i,j,KAz(‘ Dt §¢i,j,K(Ag M2 4 Rijr.
The shared mean bounds give E; |R; ;| < CT :;’/ 24 Cexp(—cT_;): the Taylor path lies in I;
except on the exponentially rare event; the block mean lies in the convex compact A and the score
is bounded on its complement. Independence then gives

—(1 _
B0 A =0,
ViK —; _ viK$;
Ei[Dijr] = =5 El(A77)7) + O *%) = =

i

+0(T73/?).

—J
The last equality uses (C.3) on the contiguous training block. Since S;x — Six0 = Z?ZI(TJ /(T —
2L))D; ;r,

TE;[Sik — Sik,0) =

vig$li T T 15 —1/2
L+ 22 ) +0(T7Y?) = v + 0(1).

2 T—2L<T2+T1>+ (T77) = vk + (1)
Here T;/T — 1/2. Averaging over units proves (3.5). For the one-way comparison, allow unequal
block sizes with the same fixed buffer. Let the first block train the coordinate and the second
evaluate the score. The same calculation gives T'E; D; o7 = (T'/T1)vix$%i/2 4+ o(1); if T /T — A,

its aggregate limit is Aleg). The covariance channel is exactly zero at every T O

C.4 Smooth Local M-Estimated Coordinates

This calculation uses local identification and an oracle branch. The observable unique-root pro-
cedure of Section 6 is treated separately in Appendix G. Write g;r(a) = T713, g(Wit, a), with
Ei g(Wio, ;) = 0. At i, put Gy = 0ag(Wir, i), Hyy = 929(Wir, i), Gi = E; Gy, H; = E; Hyp,
My =T7'Y, Gy — Gi,and H; =T~ 'Y, Hy. Then & = —G; lg(Wig, o) and &, = T71 Y, €ir.

Assumption C.3 (Local M-score regularity). The following conditions hold.

(i) Sampling and dependence. The unit arrays are independent across i. Conditional on the
unit information C;, for each i the joint array containing g(Wi,a), its first three a-derivatives,
the fized-K stacked moment, and its first three a-derivatives is strictly stationary and L-dependent
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for a fixed integer L. Here L-dependence is meant in the sigma-field sense: for finite index sets
Ti, T2 C Z satisfying minge; te;|s —t| > L, the sigma-fields generated by all listed variables at
dates in T1 and T are independent conditional on C;.

(ii) Local smoothness. For a common fixzed 6 > 0, these variables are uniformly bounded on
I; = [o; — 6, a; + 0], and their highest displayed derivatives are uniformly Lipschitz there.

(iit) Local identification. 0 < cq < |G;| < Cq and inf e, |Ei[0ng(Wio, a)]| > ca. For each i, the
map a +— E;[0,9(Wio, a)] does not change sign on I;.

On the event that g;7 has exactly one zero in I;, select it as «;; otherwise set a; = «;. Denote
this fallback event by D;r. The branch is an oracle device because I; and the fallback use the
true coordinate. The localization and root-expansion statements below use only the moment g
conditions; the fixed-sieve downstream-score conditions enter the subsequent scalar drift calculation.

Lemma C.4 (Localization of a regular local root). Under Assumption C.3, P;(Dir) < Cexp(—cT)
and, for every fized r > 2,

& — aillpr + Ml or + |[H; — Hil|pr < C,T7Y2 (C4)

The proof also gives a uniform sample-Jacobian event with exponentially small failure probability
on the specified identification interval.

Proof. Apply Lemma C.1 to the moment and its first two centered derivatives at the true coordinate.
For the Jacobian on I;, use a grid of spacing 72, containing at most CT? points. At every point the
scalar concentration bound gives failure probability C exp(—cT') at tolerance ¢ /4. The bounded
second derivative gives interpolation error at most CT 2. A union bound therefore yields
su? |0agiT(a) — E; Ogg(Wio,a)| < cq/2 (C.5)
acl;
except with probability C'exp(—c'T). Intersect this event with |gir(a;)| < cgd/2. Writing ¢; =
sgn(G;), its signed endpoint values satisfy

Gigir(a; — 6) < |gir(cu)| — cqd/2 <0,
Sigir(a; +8) > —|gir ()| + cgd/2 > 0.

The signed sample derivative is at least ¢ /2, so continuity and monotonicity give exactly one
zero and |a; — a4 < 2051| gir(ci)]. On the complement the oracle error is bounded by d. The
scalar tail and its integrated moments prove all stated rates. The same grid argument works on
any common compact interval with the specified derivative bounds and identification condition. A
bounded observable selector agreeing with this branch except with probability C exp(—¢T') inherits
its moments: the selector difference has L] norm at most Cexp(—cT'/r). O

Proposition C.5 (Shared second-order root expansion). Define
B _ Gl _
Girg = —G;'Mir&; — ﬁHz'(fi)Q,
_ a7t
gir2 = —G7 ' M€, — #Hi(gi)?
The first expression uses the sample Hessian; the second uses its population mean. For every fized
r>2,

(C.6)

lgirjller < G- T, & — s — & — qiryller < CT32 j=12. (C.7)

With Bir ; = TE; qiTj and girj = qirj —Ei qit j, the exact split is qir j = Bir /T + qir,j. Moreover,
lgir1 — qir2lly = O(T—/2).
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Proof. On the selected-root event, Taylor’s theorem gives

vo| |

0= —Gi& + (Gi+ Myr)(a; — o) +
Ry il < Clai — e,
& —a;— &= — G Mip(d; — o)
G;'H;
2

Holder’s inequality and the root moments first give || — a; — &l = O(T~!). Subtract the
definition of g;71 from the last identity:

(&Z — Oéi)2 + Rgﬂ',

(&l - 041')2 — G;le’i.

Gi(ai —a; — & — qir1) = — Mip(q; — a; — &)
H; -
(@ i) — (€)%~ Ry
The square difference is (a; — oy — &;)(@; — a; + &;). Tts LT norm, and that of the other terms,
is O(T—3/2). On the fallback event all quantities are bounded and its probability is exponentially
small. Finally, ¢i7.1 — ¢ir2 = —(G;/2)(H; — H;)(§;)? has the same order by the derivative-mean
and fourth-moment bounds. This proves both expansions and their exact centered splits. O

Fixed-sieve scalar score drift. Use the first two channels in (6.4), with the influence & defined
by the local moment. Under the same local conditions, the calculation holds along the oracle branch
with its exact first-step mean retained:

T — — 1 2 1 _
N ;Ei[lﬂm(ai) — Yig ()] = B%) + ng) + N zi:/%KﬁiT,l +0(T7/?).

To verify this, substitute &; — ; = & + gir,1 + Orr (T—3/2) into the score Taylor expansion. The
leading expectations are

TEMRE] = 3 Bl + o),

lil<L
TE, [aﬁng'T,l] = Wik Bir,1 + TEi[@gg — WK )@iT 1)
SEERE?) = T TR (@ - v @)+ 0@,
The two remaining centered products are O(T~/2) by Hoélder’s inequality; the cubic score remain-
der has the same scaled expectation. For a sample mean, G; = —1, M;7 = H; = H; = 0, so

both quadratic root terms vanish. Exact finite-window first-step means are converted to [; in
Appendix G.

C.5 Smooth Changes of the Local Coordinate

The three channels in (6.4) describe the same total drift under a smooth re-expression of a given
coordinate and score. Let of = F(o;) and @ = F(@;), where F is a C? diffeomorphism on
a compact neighborhood containing the coordinate paths, has bounded derivatives, and satisfies
inf |F'| > 0. Write F] = F'(o;) and F}' = F"(«;). Taylor’s theorem and (6.3) give
~x * -~ 1 ~ —
a; —of = Fj(a; — a;) + 5 V(@ — ai)® + Op2(T 82,
* * * ]'
& = Fiéu, QO = (F)*, B = Fipi+ §Fi//Qi'

1
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For the last identity, taking expectations in the coordinate expansion gives T E;[a; — o;] = B; +
O(T~'/?). Tts moment bounds and the finite-window covariance identity also give T E;[(q; — )?] =
Q; + O(T_I/Z).

Express the same scalar score as ¥}, j-(a*) = ¥ (F~'(a*)). The chain rule, evaluated at the
true coordinate, yields 7

. Uik
O Viy ¢ = %,
(2) (1)
82*¢’Zkt,K = ¢Zt7K — ¢Zt7KFZN

(£ ()P
The derivative—influence term is unchanged at every lag:
(1)
Vio.x
Fi/

1
Ei[ (8 o, )€55] = Ei Fiéi; | = Eilwio &l
For the remaining two terms, insert the transformed derivative means, first-step bias, and variance
before canceling:
pix F' 1 pix F'

O —pe Qs —
oF TV T R

Mz’Kﬂ* 1{ vik Wik Q,

F 5 (F!)Q (F-’)3 } Q;k = lik B +

© 2
1
= pix Bi + iViKQi-

Averaging across units therefore preserves Bg) and the sum Bg) + BS), hence their total Bg. A
nonlinear transformation of a sample mean generally has a nonzero first-step coefficient even though
the original B; is zero. This calculation keeps the score and generated coordinate fixed as statistical
objects. Choosing a new spline space after transformation changes the finite-sieve projection and
is a different operation.

D Technical Foundations for Growing-Sieve Estimation

D.1 Boundary Tensor-Spline Properties

The results below establish the deterministic spline properties used by the main panel theorem. We
use standard B-spline notation and basic approximation facts from [dB01, Sch07]. The construction
below gives uniform bounds for interior and boundary basis functions. Let W+ = [0, 1]%x x [0, 1],

let dyw = dx + 1 be fixed, and write the last coordinate as a. Set by = Cpy/ loﬁN and let the

deterministic coordinates satisfy the quasi-uniform low-discrepancy condition (5.1). Let px be the
Lebesgue-L? normalized tensor-product B-spline basis of fixed degree p > 4, with simple interior
knots, endpoint knot multiplicity p + 1, and quasi-uniform positive knot spans of width Ax. The
associated spline space is S = {p[T(b : b € RE} of the sieve in Section 2.2. Write p(z,a) =
pY (2) @ p%. (a), where K = K, Kq, Ky =< A, Ko < A\, and K <A™ . When dy = 0, take
K; =1 and pg, = 1. Throughout this subsection, NAx — oo and br /A — 0.

Use pc(dw) = dw for Lebesgue measure and pg(dw) = dz @ {N~? Zfil da,; (da)} for the panel-
grid measure. Define G, = [ pgpj due and G, = [ pipj dug; both are K x K matrices. Whenever
the inverse exists, let Ilx o f = p%G;l [ prfdpe and Il v f = ;DIT(G;1 [ pi f dpsg. We compare the
continuous and discrete projection operators below.
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Local Dual Functionals at the Boundary

Lemma D.1 (Local dual functionals). There is a tensor-product quasi-interpolant Tx that repro-
duces Sk and satisfies ||Zx fllo, < C | fllo, with a constant independent of K. The bound holds
uniformly for interior and boundary basis functions.

Proof. For raw one-dimensional open-clamped B-splines Bj, j = —p, ..., M—1,let I, = (7, 7,41) be
the positive cells. Select I,.;) with r(j) = max{j, 0}; this belongs to the support of Bj, including the
repeated-knot boundary functions. On I, the active set is A, = {r —p,...,r}; its p+ 1 restrictions

are linearly independent. After affine rescaling, their raw local Gram is H? = h,.G, (1), where
hy < Ag, o = ((p—17)4,{p— (M — 1 —7)};) records the finite set of endpoint patterns, and the
positive span ratios ¢ lie in a compact set. Continuity and local linear independence therefore give
|[(HEB)~Y| < CAg' uniformly, including cells near both boundaries. Zero endpoint spans belong to

the pattern, not the ratio coordinates. For s; = || B 2 = )\%2 and ¢; = Bj/s;, define

df(a) =Ha € L} D [(H) UjnBila),

k€A )

() = 5, /I 05 (@) f(a) da, NY(x) = b,
r(3)
NI < ONL I flloout,y-

The last bound uses ||d;3 oo < CAE" and a cell of length O(Ak ). Tensorize these integral functionals
and normalized bases as A; and ®;. Their kernels are supported on the selected tensor cells and

satisfy [A;(f)| < C)\(Z(W/QHfHOO and || @] < C)\I_(dW/2. Since only (p + 1) terms are active at
any point,

Tk f (w)| = ZA ;i (w)| < A2 F oA ™2 = | ]| oo-

Tensor biorthogonality proves reproduction of Sk. 0

Continuous Riesz Bounds and Coordinate-Grid Quadrature

Lemma D.2 (Continuous Riesz and derivative inverse bounds). There are constants 0 < ¢ < C' <
oo, independent of K, N, T, such that

cllbl3 < / {6 pre(w)}? dw < CJb3. (D.1)
W+
For sy :p}b and j =1,2,3,4,
. 2 _9i
10220+, < CXR 013 (D2)

For j =4, the derivative is understood cellwise, equivalently as the almost-everywhere weak deriva-
tive. The fourth derivative need not agree across knots.

Proof. At most (p + 1)™ normalized tensor functions overlap, and each has continuous L? norm
one. Hence

IsollZ2 < (p +1 dWZIb > = (p+1)™Ib]3.
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For the lower bound, the selected-cell dual gives b; = A;(sp). Polynomial norm equivalence on its
selected tensor cell J;, after affine rescaling, gives

d
Ibi[* < CX [lsp]%1; < Cllsul3agy,.

183 < Co+ D™ 3" llspl3ar,y = Clo+ D™ 2.

Each tensor cell has at most (p + 1) preimages under the selection rule, which justifies the
second row. This proves (D.1). On a tensor cell with a-width h,, rescaling to the unit cube and
the fixed-degree polynomial inverse inequality give

1090l 72(1,) < Cha ™ llssllZ2(z,,
1075172 w+) < CARZ bl 2wy < CARZ(IBI5-

For j < 3 the derivatives agree across knots; for j = 4 the cellwise bounds give the weak derivative
because p > 4 and the third derivative is continuous. The partition of unity represents a constant
spline with zero derivatives, so no lower derivative bound is available. ]

For a fixed integer my, let Q,, x be the class of nonnegative continuous functions on [0, 1]
whose restriction to each knot span I, is a polynomial of degree at most my.

Lemma D.3 (Quasi-uniform coordinate quadrature). For every q € Qum, K,

1 1 bT 1
da| < da. D.
;q - [@ad se{ o [ ot (D3)
Consequently, with en . = C{(NAg)~t + br/Ak}, the continuous and grid Grams satisfy
—enTKGe 2 Gy — Ge R enT KGe. (D.4)

The result allows arbitrary grid—knot alignment and permits empty knot cells.

Proof. For nonnegative ¢ of fixed degree on a cell I, of width h, =< Ak, affine rescaling and
polynomial norm equivalence give

lalloour, + /I ¢ (a)|da < OB /I ¢(a) da. (D.5)

Nonnegativity removes cancellation in the L' norm. Continuity leaves no knot-jump variation, so

1
0= [ 1= / ¢ (D.6)

For It = [2bp,1 — 2by] and its two omitted strips By, |Br N I| < min{h,,4br} implies

bT/l
<N BrnLlldlses, <CE | g D.7
f,, e =SB0l <03 [ 0.7

This includes strips cutting through a knot cell. The signed measure v = N1}, §,, — Unif (I7) has
total mass zero, cumulative function F, = Fy — FL, and F,(0) = F,(1) = 0. Stieltjes integration
by parts and the discrepancy assumption give

/qdy—qF /qu——/F,,dq,

¥ ate) - g [ o IRl TV < 0/1
N 2B T T Ty ) > Nix Jo &

2
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The remaining difference is exactly

ol o o
T—dby J, 0 o VT = )y, T ),

For large T', 1 — 4by > 1/2; (D.7) bounds its absolute value by C(br/Ak) fol g. Combining the two
differences proves (D.3). The bound allows the coordinate grid to leave some knot cells empty. For
any coefficient vector ¢, the function gc(a) = [{c'pk(z,a)}?dz is continuous, nonnegative, and
cellwise polynomial of degree at most 2p. Its grid and continuous integrals are CTch and ¢ G.c.
Thus (D.3) gives |¢" (G, — Ge)e| < enrre’ Gee for every ¢, which is precisely (D.4). O

Projection Stability and Derivative Approximation

Lemma D.4 (Projection stability and derivative approximation). For all sufficiently large N, T,
both Ik o and Il N are well defined and reproduce Si. For pn € {jic, g} and r=0,1,2,3,

1061 fll oo < CAK (11l » (D.8)
where 1L, = Mg and 11, = Mg y. If f € CH(WT), 3 < 74 < p+ 1, then, separately for
I € {Tlkp, g N},

IO Tl <CNE, 1 =0,1,2,3 (D.9)

Here C™f denotes the usual isotropic Hélder class: if T = m + [ with 0 < § < 1, derivatives of
order m are B-Hélder, while the integer case has the usual C™ meaning. Membership on W is
defined through extension to a fized open rectangle containing W*. The constant in (D.9) may
depend on the C7f-norm of this fized extension, but not on K, N,T. Writing (%{pw for the fourth
derivative on knot-cell interiors, the stability conclusion also gives

108 0|y < O e (D.10)
Consequently, the continuous third derivative is globally Lipschitz in the a-coordinate:

‘agﬂ,uf(x, a') - 8a3Huf($a a)|
sup sup

T aa |a/ —CL|

00, pW

< O flloo - (D.11)
The suprema in (D.10) are over cell interiors, and the points in (D.11) are restricted to WT.

Proof. Local moments and inverse Grams. FEach normalized tensor basis function has sup-
port R; of volume O()\?{W). The coordinate spacing condition gives #{i : a; € R, j} < C(NAg+1).
Since NAg — 00, both measures satisfy p(R;) < C’)\?(W, including boundary supports. Affine scal-
ing gives ||0hpK jlloo < C')\I_(dwm_r for r < 3, and cellwise for r = 4. Therefore

ot Bj) | flloo < CAY /2| ]l oo.

’/pK,jfdu' < lpx;

The Riesz and relative quadrature bounds give cIx =< G, =2 Clk uniformly for p.,py. Set ag =
2/(c+0C), Ry = Ig —agG,, and pg = (C —¢)/(C + ¢) < 1. The spectra give ||R,|lop < pa, hence
Gljl = ag ano R} Index the basis by its rectangular tensor lattice. Supports can overlap only
when indices differ by at most L, = p + 1 in each coordinate. The corresponding graph distance
is dr.(j,k) = [||7 — klloo/Lp|: each edge moves at most L, and coordinatewise steps toward the
target stay inside the rectangular lattice. A nonzero entry of R}, is a walk of length n, so it vanishes
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for n < dy. Consequently,

_ aqg dr,(7,k
Gkl < ag 3 IR op < pr ),

ody 1 - pa
D UGkl <CY (1+s)™pg < C.
k s>0

For s > 1, a graph shell contains at most (2L,s + 1) — {2L,(s — 1) + 1}9w < C(1 + s)dw 1
indices; the s = 0 shell has one index. Boundary truncation can only reduce these numbers. We
have proved the uniform row-sum bound

squ ](G;l)jkl < C. (D.12)
Ik

Stability and approximation.  For b,(f) = G;l [ pi f dp, the local moment and row-sum

bounds give [[b,(f)|lc < C/\}j(W/ 2H flloo- Bounded overlap then gives, through order three and
cellwise at order four,

00T f (W) <Y 1B (D]105prc5 ()] < CAL [ f oo
JweER;
The continuous third derivative telescopes across intervening knots, so
a/
|

|08TL, f (2, ') — BTL, f (w, a)| < / O I (2, 0)] du < OO flloola’ — gl

a
for a < a’. These prove all stability statements. Reproduction follows from II,, (p}b) = p}G;lG ub=
p;(b.

For approximation, let ky = [7¢] — 1, so 3 < kf < p, and let P, be the degree-k; Taylor
polynomial of the fixed extension at w. It belongs to Sk and is reproduced by Zx. Every selected
dual cell J; whose basis support contains w lies within CAx of w: the selected and active cell
indices differ by at most p 4+ 1 per coordinate. There are at most (p + 2)™ such cells, including at
boundaries and knots. The Holder—Taylor bound on this patch and the local dual bound give

1= Pl < OA 440 = Pl < OXQ T,
Gl ~IxNw) == 3 A/~ Pu)2w)
J:wesupp(P®;)

The last equality uses 9., (f — Py)(w) = 0 and Zg P,, = P,,. Scaling and the fixed overlap therefore
prove
105(f =T flloo <CANET, 7 =10,1,2,3. (D.13)

Put e = f — Ix f. Reproduction gives f —1I,f = e —II,e, so
185 (f = T f)lloo < 105elloc + CNE llefloc < CAZT
This proves the approximation separately for each projection measure. O

For later reference, the benchmark nuisance projections are myg = Ilx ymo, hx = Il nho,
and {x = ymy + hi. These are panel-grid projections. The continuous projections Ilx gmg and
ITx 0ho remain separate comparison objects.
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D.2 Generated-Coordinate Clipping and Path Localization

Let (;; be the bounded, centered finite-range process in Assumption 5.1, and set A; = %Zthl Cit,
&; = o + A, and @; = Ui 17 (&;). Write d; = a; — o and ¢; = d; — A;. Let cgy, denote the
weighted-Hoeffding constant for this bounded process. Then P(|A;] > x) < 2exp(—cgnT2?). Set

ap = Cfme >1and A\¢ 1 = TE[A%] = ZMSL (1 - %) Ve (d)-

Lemma D.5 (Clipped-coordinate facts). For r = {maxj<;<n|A;| < br}, Pr(€$%) < 2N'7% — 0.
On &r, di = A, ¢; =0, and &; = &;. Globally, a; € [br,1 — by, every path «; + sd;, s € [0,1],
stays in this interval, |d;| < |Ai], and |¢;| < |Ai|1{|A;] > br}. For ¢ = 1,...,8 and nonnegative
q1,q2 with g2 > 1 and q1 + g2 <8,

max {E [|A;|"1{]Ai] > br}], Elei| 7} < Cgb7N~,

D.14
E [J A% i]] < Cyp gub =N 0. (D-14)
Forq=2,...,8, E|d;|? < C,T~%%. Moreover,
A
IEd;| < CorN~®, ’Ed? - % < CbpN~*, (D.15)

Proof. The coordinate-design condition places «; € [2bp,1 — 2br]. Hence |A;| < bp implies &; €
[br, 1—by]. Therefore, clipping does not bind. The union bound gives Pr(€5) < 2N exp(—c, Th%) =
2N17%  Projection onto an interval is nonexpansive. Thus |d;| < |A;|. Clipping binds only when
|A;| > bp. Direct inspection at either endpoint gives the stated bound for ¢;. The segment between
a; € [2br,1 — 2br] and @; € [br, 1 — br] remains inside [br, 1 — br].

For g < 8, the layer-cake identity gives

E[|Al|q1{|Al| > bT}] = bgﬂ Pr(]Ai| > bT)
+ q/ 2 Pr(|A] > x) d.

br
The first term is O(bLN~%). With y = VTz, the integral is bounded by beFQT_lN_“O <
CbI.N~% because Th2, = Cg log N. The bounds for ¢; and the mixed moments follow from
lei| < |Ai|1{|A;| > br}. The bounded sample-mean inequality gives E|A;|Y < C,7~%2. Non-
expansiveness transfers it to d;. Finally, use d; = A; + ¢;, EA; = 0, and EA? = A¢, /T together
with the sharp tail and mixed-moment bounds to prove (D.15). O

D.3 Finite-Range Moment Inputs

Use Lemma C.1 from Appendix C.1. All oracle observations in Assumption 5.1 are measurable with
respect to a fixed-width finite-range block. Hence every fixed-lag oracle product obeys the lemma,
with its own nonzero mean subtracted. For an envelope ag, the scalar fourth-moment bound is
CarxT /2. For vector moment blocks the bound uses their vector norm, so its constant introduces
no extra factor of K. Fitted arrays are compared with these oracle arrays through coordinate and
coefficient perturbations.

D.4 Nuisance Estimation and Gram-Matrix Results

The results below add the stochastic inputs to the clipping and spline bounds established above. We
maintain Assumption 5.1. The array {X;;} is independent and uniformly distributed on [0, 1]9% over
(i,t) and is independent of the deterministic quasi-uniform coordinate design and every disturbance
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process. The bounded process ((t, vit) is jointly stationary and L-dependent, while the bounded L-
dependent outcome-error process is independent of the joint (¢, v) process and of X;;. In particular,
Git and vy may be correlated. The data satisfy Z;; = «; + G, Dit = mo(Xit, i) + vy, and
Yii = 0D + ho(Xit,Oéi) + &it, where 0 < O'g = E[U?t] < oo. Write ’VvC(j) = E[Uiogij] and QUC =
2lji<r Ve (4), and write v¢(j) = E[GoG;;] and Q¢ = 37,7 (j). The functions obey mo €
C™ (W) and hg € C™(W™), where 3 < 7y, 71, < p + 1.

Use the generated coordinate, clipping event Er, and clipped moments from Lemma D.5. In
addition to the deterministic growth conditions above, maintain

Klog K

N
- 7 ko € (0700)7 NT

T
Write m = max{dy, 3} and rx = )\I_(m/Q/T.

— 0. (D.16)

Generated-Coordinate Perturbation and Nuisance Expansion Let mg = Ilx nymo and
Ui = Il n(Bomo + ho) = Oomg + hi. Define up i x = Diy — mx(Xit, ;) and uy i x = Yie —
Cr (Xit, ). For b € {v,6}, use the shorthand (R it i, ¢y, k) = (up,it,k, mK) and (Rs it ik, L5 x) =
(uyit,i, K ), and let fibt x = Pr(Xit, o) Ry it i Its first three coordinate derivatives are
Al = praRyitk — Pl K ar
Hf’t,K = PKaa itk — 2PK,alb, k.0 — PKLb,K aas (D.17)
,-FL'I;&,K = pK,aaaRb,it,K - 3pK,aaEb,K,a - 3pK,a£b,K,aa - pKEb,K,aaay
where every term on the right is evaluated at (X, ;). Replacing «; by a generic a defines the
corresponding path arrays. Stack the gamma and delta blocks as fe it ik, Acit, iy Heit, i, and Tp 1 ¢
Write their means as fif ik, HAci K, MHeci kK, and purc; k. The panel-grid projection normal
equations give % Yoilfeirx =0.
Lemma D.6 (Fixed-coordinate nuisance derivative arrays). For r = 0,1,2,3,4, uniformly over
fized a and bounded scalar functions q(-,a), write prar = Oypr, with pg .0 = pr. Then
Ex [lp.ar (X, a)ll; < CEXG,
—r—1/2
IEx[prar (X, a)a(X, )], < CASla(-, )

For r =4, these bounds concern cell interiors and hence the cellwise, almost-everywhere derivative.
The nuisance arrays defined above satisfy

1 p—
v > EillAciti — pacixlls < CKAZ,
7

(D.18)

1 _
N > Eil|Heitie — prreixlls < CKAY (D.19)
i

1 _
N ZEZ | T it, 0 — MT,c,z‘,KHg < CENS,
i

and

5/2

—1/2 —3/2 _
sup [iacirclly < CAR2 supllumeirlly < CAL2, sup g lly < OAR (D.20)
K3 (] K3

Proof. The tensor representation pg (v, a) = pf_(7) @ p. (a) gives
2 2 2
Ex lprcar (X, )3 = Ex [lp, ()| 0c.) (0

2
< CE NG < CRNF
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Here local support and normalized affine scaling give the middle inequality; for r = 4 it is read
on cell interiors. For the second bound in (D.18), duality and the z-coordinate Riesz upper bound
imply, for every unit vector ¢ € R¥z,

Ex|(c" pk, (X))a(X.a)]| < |k,

L2 G a)llze < Clla(, a)ll -
Thus
|Expf, (X)a(X, a)l]|, < Clla( a)ll -

Combining this inequality with H(p‘}(a)(r) (a)H2 < C/\;(rfl/ ? proves the asserted weighted-mean
bound.

For b € {v,d}, put ¢, = mo, ¢s = bomo + ho, and 1, x = q» — o k. Then R, g = vip +
Ty, & (Xit, o) and Rs i i = Oovir + €i¢ + 75,5 (Xit, ;). Let 7, = min{r,,, 7} > 3. Lemma D.4 gives

Hrb,KHoo < C)\k, Hagﬁb,KHoo < C, ] = 1,2,3.
The innovations are bounded and centered, so the derivative table yields
papi ik = Ex[Pr.aTsx — Prly K al;

P K = Ex[PKaaTs kK — 20K,alb,K,a — PKCb, K aa)s
HTbi K = Ex [pK,aaaTb,K - 3pK,aa£b,K,a - 3pK,a€b,K,aa - ngb,K,aaaL

where all functions on the right are evaluated at (X, a;). Applying the weighted-mean bound term
by term gives

LA b i S C )\7—**3/2 _|_)\71/2 S C)\fl/2’
,0,2, 2 K K K
lprpisly < COE T2+ 02 + 022 0Py < on

Stacking the two blocks proves (D.20).
Finally, boundedness of Ry ;; x and of the first three derivatives of ¢, g, together with the first
bound in (D.18), gives

E; || Ayt x|y < CKAZ, Ei [|Hy i |l; < CKN, Ei | Thirilly < CEALS.

Centering can only decrease each vector second moment. Stacking the blocks and averaging over ¢
proves (D.19). O

_ Define the unit averages Acik =T, Aciric and Hej ik =T 1>, Heir i, and set gczK =
AciK — PA,c,i k- The integral third-derivative remainder uses

1 1
Teir,x (d) = T Z/o (1= 8)*Te e,k (i + sd) ds.
t

Put zeitre = feitk — ff.eik + fAciKGit- Its panel mean is Z.x = (NT)™' 32, zeir k. Since
A’i = % Zt C’itv

1 1
ZeKk = NT Z; feit,xk + N Z HAc,i KD (D.21)
7, i

Thus the paA; term is part of the leading influence and is not placed in a Taylor remainder.
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Because f. i,k and (;s are generally dependent, the exact clipped nuisance-bias coefficient must
be centered under their joint law:

cK NZE ) c,z,K +7ZE d2 c,z,K ZE czTK )]

Define three remainders, each centered at its exact joint-law expectation:
1 — _
Re1x = N Z [didcik — acikDi — Bi{diAcik — pacixi}],

i

1 — _
Reo i = N Z [diH i —Ei(dZHeix)]

Resx = QNZ Teir, i (di) — B{d3Tear i (d)}]

and let R,k be their sum. These exact joint centers are essential: in general Ei[dizcﬂ-’;{] #*
Eildi]pa ek
For the target coefficients cx = (fy;, 5})T, define the generated-coordinate nuisance moment
1 ~ =T
7 N (cr) = NT Ei,tpit,K(Dit - pit,K’YK)
c, N — ~ ~
7 Yoit itk (Yit — Dy 1 OKc)

Lemma D.7 (Exact clipped nuisance expansion). If A\, /T — 0, then

) ; Dit,k = pr(Xit, ).

~ — 1
Fentik(ck) = Ze ik + TBC,K + Roc.K- (D.22)
Moreover,
- 2 CK
Rocic = 0p(VE/T). (D.24)
—-3/2
|Be.cll, = OO). (D.25)
Proof. Exact expansion and centering. For each nuisance block, Taylor’s theorem along
a = a; + sd; gives
d2
feit, k() = feit, ik + diAcitk + ?ZHc,it,K
d3
+ — 5 / (1 — 3) Tc,it,K(ai + Sdi) ds.
0
After averaging over ¢, subtract the leading coordinate term ji4.;xkA; and use d; = A; + ¢;:

diZcﬂ-K — PAci KD = digc,i,K + fAci Kk Ci- For each of these three quantities, add and subtract
its exact conditional expectation. Because E; A; = 0, E;[d;Acix — praci i = Ei[d; A k]. Thus
the uncentered expectations sum to %Bc, K, while the centered parts are exactly R. 1k, Rc2 K, and
R. 3 k. Equation (D.21) supplies the remaining leading term, so the resulting identity is (D.22).

Leading moments. The six fixed-coordinate bounds needed below are (D.19) and (D.20) from
Lemma D.6. The r = 0 case of (D.18), bounded residuals, and centering give

sup E; || feit, e — Mf,c,i,KHg <CK,
7
sup B [|a,c.i,xGitlly < CAR! < CK.
7
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Consequently, sup; E; ||z, K||§ < CK. To verify (D.23), expand the second moment of Z k. Cross-
unit covariance terms vanish by unit independence, and within a unit finite-range dependence leaves
only O(T') nonzero pairs. Thus the vector second moment satisfies

N T T

CK
EHZCKH2 N2T2 ZZZE cthZcst} NT
i=1 t=1 s=1

This is also the conclusion obtained from Lemma C.1.

Joint derivative and curvature centers.  The relevant joint centers need not vanish. Put
acik(X) = (pK,a(X7 ai)T,HopK,a(X, ai)T)T. In the derivative table, the coefficients of v;; in the
gamma and delta blocks are px, and 6ppk q, respectively. Terms that depend only on X factor

from the centered (, and the independent outcome-error terms also have zero expectation. Hence
independence of X from the joint innovation process gives

1 1
Be¢ex = Z N Z Ei[Ac,i0,xCij] = QUCN Z Ex acirx(X).
i

l71<L i
Tensor local support gives [|[Ex pr (X, a)|, < C)\I_(3/2. Hence,
-3/2
1Bl < O

The coefficient of v;; in the gamma and delta Hessian blocks is, respectively, px qq and Oopgk aa-
Condition (5.2), after a time shift, removes these two v(( cross terms. The independent, centered
outcome error removes the corresponding £(( terms. Every remaining Hessian term is a function
of X times a disturbance factor independent of X, so

Ei [Hc,it,KCisCir] = MH,ci,K Ez [Cisgir]‘

To count the surviving pairs, write

1 T T
[AACZK TZZEZ cthCzs

s=1 t=1
1 T T T
[A HCZK Ez c,it KCzsCzr]
2T2 r=1s=1 t=1

For a lag j, exactly T — |j| pairs remain inside the sample. Using the factorization above therefore
yields

T — 1
N ZEi[AiAc,i,K] = BC,C,K - ﬁ Z ‘]"YUC ZEX ac,l,K
7

i<k (D.26)

Z E; AQ c,z,K 2N Z MH,ci K — Q;N Z |J |'YC Z MH,ci K-

l71<L

Both finite-T" endpoint terms are O(A} 372 /T), while the two leading centers are O(\ 3/ 2). Thus
the joint derivative expectation need not vanish, but it has the order required by the nuisance rate:
after the score’s T—1 scaling, $O(Ag 3/2) O(rk) because m = max{dw, 3} > 3.
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Replacing A; by d; in the first two lines costs at most

NZE czK]

ﬁ Z Ez[(d? - A?)Fc,i,K]

After division by )\;(3/2, these are bounded by Tbp N~ = o(1) and (bp/Ag)Tbr N~ = o(1).

< CTNbp N~

< CTNHe N~
2

Third-order path and centered fluctuations. For the third-order path, separate its fixed-
coordinate mean, centered fixed-coordinate average, and path displacement. On each knot-cell
interior, differentiation of the third row in (D.17) gives, block by block,

8a,pwﬂ%]{ = pK,aaaaRb,it,K - 4pK,aaa€b,K,a - 6pK,aa£b,K,aa
- 4pK,a£b,K,aaa - pKEb,K,aaaa'
Here D;; and Yj; are held fixed along the path, so 0, Ry itk = —¥p ko The first three derivatives of

Uy, i are uniformly bounded by derivative approximation, while (D.10) gives [[£, K aaaall o0 poy < C AR s

Let Faist,r = 0{(Cis» Viss €is) 1 1 <i < N, 1 < s <T}. For every fixed realization of this bounded
disturbance array, (D.18) applied to the five terms yields

ess sup HE[@a,pwﬂ%K(a) | Faist, 7] H2 < CA;(Q/z.
a

The path array Tf; (@) is continuous because all spline derivatives through order three agree across
knots. Partitioning any path segment at its intervening knots and integrating the preceding cellwise
derivative therefore gives the global bound

HE inic(a) = Tf k(a) | ]:dist,T]H2 < Cla’ - G\A}Q/Q. (D.27)

Thus Lemma D.6, (D.27), and Lemma D.5 give

~ - JENS A2 ) )
NZE Teir s (di)] SC{AKE‘/ZT V2 YERE 4 2B b o) = o).

T

2
(D.28)

The three displayed terms follow by first bounding the fixed mean by C’)\75/ 2 E|d; \ The centered
average has second moment C K\ °/T. The path dlsplacement is bounded by C|d; |)\_9/ ® by (D.27).
Multiplying by TE|d;|*, T(E|d;| )1/2, and TE|d;|*, respectively, gives the three terms in (D.28).
Relative to /\1_(3/2, their exponents are )\I_(IT*I/z, )\[_((dw+3)/2/T, and /\[_(3/T. All vanish because
(dw +3)/2 < m and A\"/T — 0. Replacing A3 by d? in the centered fixed-coordinate term
adds at most CVENZTY2p3N—/2 = 0()\[_(3/2) by the clipped-tail moment and bp/Ag — 0.
Equations (D.26)— (D.28) prove (D.25).
We finally control the centered fluctuations. Define on the full sample space

Se 1,k = ]ifz [Ai;[c,i,K - EZ(A'LAVCZK)] ;

1

Seo2 K = IN Z [A?H.;x — Ei(A7He; k)] -
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On &p, the random, uncentered terms agree because d; = A;. Using ¢; = d; — 4;, the remaining
exact center differences are

1 _
Re1x — Se1,x = N ;Ez [ciAci K]
1 2 N
Reox — Seax = TN ZEi[(di — A )Hc,i,K]-
-3/2 d

Conditional on the disturbances, the weighted-mean bound in (D.18) gives orders CA.”"~ an

C)\I_<5/ 2 for the two averaged arrays. The clipped-tail moments from Lemma D.5 therefore imply,
on &p,

-3/2 _
| Rep i = Sea clly < CAS b N=2,
—5/2 _
|Rea.ic = Searlly < O 0N,
The finite-range product bound in Lemma C.1 and cross-unit independence give

-2
CKM\y
NT? ~’
—4 -3
CKX\y n CAg
NT3 NT?’
—6
CKX\y
NT3
In the second line, the two terms correspond, respectively, to A? (Fcz K — lH,ci k) and the centered
product pp ci k{A?—E; A?}. The third line uses the global local-support envelope || Tz 7.k (d;) [, <
CVENZ and E|d;|® < CT3. To verify the comparison with (VK /T)%2 = K/T? term by term,
K y Y
divide the four variance orders in (D.29) by K/T?:

E HSC,LKHg <

(D.29)

E||Se2.xll; <

E |[Res.xll; <

KX\ Z2/(NT?) N2 KN/ (NT3) At
K/T2 ~ N K/T? ~ NT’
AC/INT?) g EXS/(NT?) A
K/T? ~ NK’ K/T? ~ NT

Each ratio vanishes because N/T — kg, K =< )\[_(dw, m = max{dw,3}, and \"/T — 0. The two
clipping centers are smaller by ag > 1 and by/Ag — 0, while Pr(€%) — 0. This proves (D.24). O

Use the candidate coefficients, residuals, and Gram event defined in Appendix A.2. They satisfy
the affine normal equations on Hx before the slope acceptance test is imposed.

Gram-Matrix Concentration Define the panel-grid population Gram, oracle sample Gram,
and feasible sample Gram by

N
1
Qx =+ D Ex[pr(X, 0)px (X, 04) "],
=1
~ 1
Qkx = N7 > (X, i)pr (Xie, o) T,
i,t
~ 1 N .
Q= w7 2P (X, Ga)prc (Xin, @)

it
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Lemma D.8 (Population and oracle-sample Gram). There are constants 0 < ¢ < C' < oo such
that, for all sufficiently large N, T, K,

eI = Qg =< Clk. (D.30)

B [Klog K KlogK)
Op—0p< NT + NT )—op(l). (D.31)

For j =1,2,3, the continuous derivative Gram G ,; = prﬂjp; W Satisfies Amax(Goi i) < C'/\I}Qj.
No positive lower bound is asserted for a derivative Gram on the full coefficient space.

Moreover,

H@K - Qk

Proof. Deterministic spline geometry controls the population eigenvalues, and matrix concentra-
tion transfers those bounds to the oracle sample Gram. The population Gram is G, from Sec-
tion D.1. The continuous Riesz inequality (D.1), the Loewner comparison (D.4), and ey 7 x = o(1)
prove (D.30). The derivative claim follows by taking the supremum over ||b|l, =1 in (D.2).
Conditional on the deterministic grid, the oracle summands are independent over (i,t¢). Local
support and L? normalization imply HPK(Xityaz‘)Hg < OK. Set p = pr(Xit, i), A% = o (p%) 7T,

M? =Ex A%, and Y} = (AY —M?)/(NT). Then Zi’t YY) = @K—QK, and the Y} are independent,
self-adjoint, and mean zero. Since HA?tHOp < CK and HMiOHOp < CK,
CK
0
H}/itHOp < ﬁ

The crucial variance calculation is made only after centering and summing. Because (AY%)? =
0112 40 0
HP@-tHg Ay 2 CKAG,

S BV = frpe S Ex((Ah)) - ()

CK

bl
NT K

CK CK
< E MO = Z =<
T (NT)2 T N7 K =
Thus the matrix-variance proxy is CK/(NT). The bound uses the averaged population Gram

matrix N~! > MZ-0 = Qg; individual Mi0 need not be uniformly bounded. Matrix Bernstein’s
inequality therefore yields

~ [Klog K KlogKk
Pr(HQK—QK Op>0{ NT + NT }) — 0.
This is (D.31); its right-hand side is o(1) by (D.16). O
Lemma D.9 (Generated-coordinate Gram perturbation). The clipped feasible Gram obeys
|@x = x| = 0ntbr/nie) + 0,0 (D.32)
Consequently, @K - QK| =op(1).
op

Proof. The proof separates the deterministic coordinate displacement from sample fluctuation in
X. Write A = (A1,...,Ax)". On &, Lemma D.5 gives @; = a; + A; and |A;| < bp. For
sp(x,a) = b' pg(z,a), the fundamental theorem of calculus gives

1
sp(x, ;) — sp(x, o) = di/ Oasp(x, oy + sd;) ds.
0
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The quadratic-form difference is therefore sy(z, a;)2 —sp(z, ;)% = {sp(z, @;) —sp(x, ;) } x {sp(z, @)+
sp(x, ;) }. Cauchy-Schwarz along the Taylor path gives, uniformly over ||b]|, =1,

. 1/2
b {E(Qk | A) — QK}b‘ <br {;f Z/o Ex [{0asy(X, o + sd;)}?] ds}

1/2
x{$§:mﬂggxﬁ@+ggxﬁaﬁ& .

The shifted-grid occupancy argument below, the derivative inverse inequality, and the order-zero
Riesz bound make the two squared energies O(\}? 1b]13) and O(||b]|3), respectively. Hence

sup [b{E@r | &)~ Quc| < 05T,
[l =1 K
on &p. Indeed, if a shifted point lies in an interval J of length O(\g), then its original coordinate
lies in the bp-enlargement of J. The lower spacing bound in (5.1) therefore limits the number
of such units to O{N(Ax + br) + 1} = O(NAk). Thus the same finite-overlap integrals used in
Section D.1 apply along the entire Taylor path.

Because the generated coordinates depend only on the Z process and this process is mdependent
of X, conditional on the generated coordinates the X;; remain independent. Set Azt = Dit szt K

M;, = IEX( i | A), and th = (Azt — Mz)/(NT). Conditional on A, the th are independent,
< CK/(NT). On &7, the mean shift

self-adjoint, and mean zero, and local support gives ﬁt
op

bound above and (D.30) imply

|E@x 1)

b
<ct+cot<c
op AK
Moreover, using gft <= CK A\it and centering before summing,
12 M2
ZE it |A (NTQZ{EX A | A) — M7}
Z M; = E(Qk | A).

Thus, uniformly on Er, the conditional variance proxy is CK/(NT). Conditional matrix Bernstein

therefore gives
~ ~ B KlogK KlogK\
o1 ], = (£ + 555 =

with constants uniform over the realized coordinates in £r. The three pieces enter through the
exact decomposition

Qx — Qx = {Qx —E(Qk | A)} — {Qk — Qk}
+{E(Qxk | A) — Qk}.

Integrating the conditional probability bound and adding Pr(€%) = o(1) proves (D.32). The final
claim follows from Lemma D.8 and by /A — 0. O

Lemma D.10 (Eigenvalue bounds for the estimated Gram matrix). With the constants in (D.30),
Pr (ng <O < 2CIK) 1
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Proof. By Lemmas D.8 and D.9, the feasible Gram differs from Qx by o,(1) in operator norm.
Weyl’s inequality and (D.30) prove the result. O

Nuisance Coefficient Rate

Lemma D.11 (Nuisance coefficient rate). Under the preceding assumptions and X" /T — 0,
Pr(H%) — 0 and, on H,

Y& — vEllo + HSK - 5KH2 = Op(rk). (D.33)

VNT (rg)? = o(1). (D.34)

Proof. The proof first converts the two affine normal equations into a single coefficient identity
and then bounds its three score components. The event Hx has probability approaching one by
Lemma D.10. On this event, subtracting the target coefficients from the two affine normal equations

gives
YK — VK @;}1 0\ 5
! _ ) F .
<6K — 5K> ( 0 Qx NTK(CK)

The inverse block matrix has bounded operator norm on Hg. By Lemma D.7, the three terms on

the right satisfy
— K VK
HchKHz—Op< NT) —Op<T) )

1 A2
— B, — K

VK
HRmc,KHz = 0p (T .

Because K = )\;(dw and m = max{dy, 3}, both v K /T and )\;(3/2/T are bounded by a constant
multiple of rx. This proves (D.33). Finally, V. NT (rx)? < A\x™ /T, which proves (D.34). O

Derivative Gram Bounds Write px o = O, px for the derivative-basis array.

Lemma D.12 (Generated-coordinate derivative Grams). Under the maintained sample-mean con-
ditions, forr =1,2,

1 N ~ _
)\max ﬁ ZpK,aT (Xita ai)pK,aT (Xita ai)—r = Op()‘KQT)' (D35)

it

Proof. On &r, max; |a; — ;] < br = o(Ak). Quasi-uniformity therefore puts at most CNAg
shifted coordinates in each interval of length O(Ax). The cellwise inverse inequality and continuous
Riesz bound imply that the conditional mean of the Gram is at most C’)\I_(%I x- Conditioning
on the innovation histories leaves the X;; independent under the sample-mean benchmark. For
Ay = pK,ar(Xit,ai)pK’ar(Xit,aZ’)T, local support gives [|A] < C’K)\;(QT and A?t = C’K)\;(QTA#.
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The variance bound follows by centering each independent matrix and using

1 CENZ 1
WZEX[(A# —Ex Au)’ | A] 2 —E—— "Ex[Au | A]
it

NT NT £
CK)\K4’" CENT
i NT K-

Thus the normalized envelope and variance proxy are CKA*"/(NT) and CKA*" /(NT). Matrix

Bernstein [Trol2] gives
N2 Klog K n Klog K
K NT NT

The conditional mean bound and P(E£%) = o(1) prove the claim. This argument is specific to
the sample-mean coordinate; the smooth-moment case uses the uniform-shift Gram bound in Ap-
pendix G. n

1 —ar
o S {Au—Ex[da | ALY =0, — 0, ().
%t

op

Denominator Control

Lemma D.13 (Consistency of the residual second moment). On Hy, let do it k = M (Xit, Q) —
my (X, ;). The affine normal equation gives the exact identity

- 1 1
JK — JK = {ﬁ ZUQD,ZﬁK — JK} - 27 ZuthKdaZtK + =5 NT d(2)c,it7K
it it (D.36)
— (& = vx) Qi (i — 7K)-
Under N\ /T — 0,
I — Jig = Op(NT) V2 4 T7Y2 4 72.) = 0,(1). (D.37)
Proof. Write Up it k = up it,k — da,it,k and Up i = Up it K —ﬁiTt’K(’yK — k). Expanding the square
around the fitted residual gives

1 PO
{ upt)? — Wp,i i)’} = — 209k —Vx) —m Y Dit,KUD it
NT
it

- TA -
- (Yx — k) Qr (YK — VK)
= — (9x — &) Qk (9x — 1K)
The cross term vanishes by the normal equation. Expanding (@p it x)? = (up.it. i — da.it i )* Proves

the stated identity. The oracle fluctuation is O,((NT)~/?) by Lemma C.1. Bounded m , and
the clipped-coordinate second moment give ||dy || nT2 = Op(T~'/2). Therefore

1 _
= S up ko] < Jupllvraldalrs = Op(TV2),

it
Tzdath 1)>

(e — i) T QK(’VK — i) < Qi llopll i = 1> = Op(rc).
The last bound uses Lemmas D.11 and D.10. These bounds prove (D.37). O
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Lemma D.14 (Oracle denominator). The finite-sieve denominator satisfies Jg = o2 + O(\37™).
Hence there is a constant cyy > 0 such that Jg > cy for all sufficiently large N, T, K.

Proof. The partially linear equation and the grid-projection definition give up ;t k' = Vit + Tm,it, K -
Since vy is centered and independent of X;; and the deterministic grid, Jx = U%—Fﬁ >t Ei [T%Mt’ K-
Lemma D.4 bounds the last term by C’)\ig’”. Because o2 > 0, the lower bound follows for a fixed
cy < o2 and all sufficiently large indices. O

D.5 Estimator Localization and Exact Identities

Use the candidates, fixed thresholds, extensions, and reporting rule in Appendix A.2. The same
construction applies to the raw coordinate for the fixed-K result and to the clipped coordinate for
the growing-sieve result. Its affine normal equations hold on Hg; on Gx the slope equation also
holds. Consequently the exact identities of Lemma A.2 apply on acceptance.

Assumption D.15 (High-level localization inputs). P(H$) — 0, Jx > cy > 0, and P(|Jx — Jx| >
g, Hx) — 0 for every e > 0.

Proposition D.16 (Acceptance probability). Under Assumption D.15, P(G%) — 0.
Proof. On Hg, failure of the denominator test implies \j x — JK| > ¢y /2. Therefore
P(G5) < P(HS) + Pk — Ji| > ev /2, Hic) — 0.
O

Corollary D.17 (Primitive localization inputs). Under the maintained sample-mean benchmark,
A" /T — 0 and the thresholds in (A.2) imply Assumption D.15 and

P(G5) — 0. (D.38)

Proof. Lemma D.10 proves the Gram input. The affine-root rate gives 7% = o(1), so Lemma D.13
proves denominator consistency. Lemma D.14 gives Jx > cy eventually. Proposition D.16 then
proves acceptance. O

Remark D.18 (Exact expectation and acceptance-event transfer). The corrected identily uses
the exact coefficient Bir. Its replacement by By is justified by the separate expectation bridge in
Appendiz E.2. For any probability remainder proved on an acceptance event Ayt with P(A%,) — 0,

P(|Rnr| > ) < P(Ayr) + P(|By1| > &, AnT).

This transfers probability orders and limiting distributions to the reported procedure. It gives no
expectation bound; exceptional-event expectations are controlled separately by their envelopes and
tail moments.

E Score Expansion, Bias Correction, and Limit Theory

E.1 Sieve Approximation Bias and Scalar Score Expansion

Maintain Assumption 5.1. Write d; = o — o, A; = T71 Zt Git, and ¢; = d; — A;. Lemma D.5
gives, uniformly in i,

E;|di|” < C. 772, Eile|” < CbEN"%,  r<6, (E.1)

where ag > 1 and by = Cy+/log N/T. The oracle score and its first three coordinate derivatives are
uniformly bounded by Lemma D.4. Recall zi x = it k — Ei[tio k] + pirGit-
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Proposition E.1 (Exact score expansion with a centered total remainder). The exact clipped-
coordinate drift and the score remainder satisfy

1 - 1 B
NT > k(@) = NT > wik + % + 79,5 K, VNT rg px = op(1). (E.2)
it it

Here Bir is the exact expectation in (A.6).
Proof. Define one unit remainder, U;x = ;5 (Q;) — ;5 (i) — pireAi. Taylor’s theorem and d; =
A; + ¢ give
—(1 —1) | d*—q
Uik = A = i) + bl + STOiR + Rir, [Rige| < Claif*,
The finite-range mean bound in Lemma C.1, Hélder’s inequality, and (E.1) imply
(1)
Wikl gz < 18illallvhie = pirclls + Cleill gz + ClldilI7a + Clldill7e
< C(T7Y 4 bpN—%/2),

Since E; A; = 0, the exact coefficient is Bxr = (T/N) >, E; Uik. The population normal equation
sets the unit-averaged expected score to zero. Consequently, the score identity holds with rg px =
N1 > ;(Uik — E; Uix). Conditional independence across units yields

T
E[[VNTrorkl*|C] = N > Var(Ui) < C(T7' + ThN~*) = o(1).

The last equality uses T bZTN e = Cf(log N)N~%. Thus the exact drift is retained and only the
centered cross-unit remainder is discarded. The target-drift bound follows separately from (2.6)
and Lemma D 4. O

E.2 Bias-Correction Consistency

Use the fixed lags |j| < L and the sample-mean reporting rule of Appendix A.2. Put Lx = ErNGk.
Lemma D.5 and Corollary D.17 give

P(L%) <P(EF) + P(G%) — 0. (E.3)
All fitted comparisons below are pathwise on this event.
Lemma E.2 (Slope and derivative errors at generated coordinates). Under (A.9),
0k — 0| = Op(T™), [k = exc|| = Op(ric). (E.4)
The derivative errors satisfy
eax = 108 — ¥ klvra = Op(T 12 + A,

1 ~(2 2 - _ E.5
NT Z Wi(t,)K - wi(t,)K’ = Op(T Y2y )‘K2TK) = 0p(1). (£5)
it

Proof. Lemma D.11 gives the coefficient rate. The exact identity (A.4) and Proposition E.1 give

. |1 B .
Ok — Ok = Tt NT Z Tit, )k + % +7ro.FK — €VTQK€W

R
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Here 1+ Dot Tit K = O,(T1), the score remainder is 0,(T~!), and the profile product is O, (r%) =
0,(T™1). The expectation calculation below gives Bxr = O(1). Lemmas D.13 and D.14 bound the
denominator away from zero, proving the slope rate.

At a = a;, for r = 0,1, 2, write M(T}( = Omi (X, a), P(Tk = 0)({x — Oxmi)(Xit,a), and
let AM™) AP be their fitted- minus-oracle counterparts, using 0K in the fitted P. The fitted-
minus- oracle coefficient of P is e5 — 0 K€y — (9K 05 )k, whose norm is O,(r) by the coefficient
and slope rates. This fitted-P difference uses g; the profile vector e, in the root identity uses 0.
The ordinary and derivative Gram bounds in Lemmas D.10 and D.12 give

IAM D || ypo + |APD) ||npo = Op(AT 1K), 7 =0,1,2. (E.6)

Define uY;, K = Dit — My ), ¢4 xc = Yie — Ox Dt — P}, and Agirxc = —(0x — 0x)Die — AP k.

Then up = uD AM©® and § = ¢° + Aq exactly. Local support and bounded oracle functions
imply
1Aq| T2 = Op(ri),  1AG]los + [AM Voo = Op(VE ric) = 0p(1). (E.7)

Indeed, VK rg < CA™/T = o(1). Thus fitted level residuals are bounded in probability.

Apply the score-derivative formulas in Section 2.2 at the same generated coordinate before
moving the oracle argument back to «;. The bounded oracle paths make this latter error O, (T —1/2)
in empirical L? for both derivative orders. For r = 1,2, let D) denote the fitted-minus-oracle
derivative at this same generated coordinate. Direct substitution gives

DY = - MOAGg— AMD (¢ + Ag) — 9 APD + AMO (PD 4 APD),
D® = — M@ Ag— AMP(° + Ag) — uHAP® + AMO (PR + AP®@))
+2MOAPD 4 2PWAMD 4 2AMDAPOD).
Subtraction of the first-derivative formulas and Cauchy—Schwarz give
ear < Op(T™) + Cnr{l|AglnT2 + [AMO |72 + [AMD |y 2 + [APY | N72}
= 0,(T7 V2 + N\dri).

The random factor Cnp = Op(1) follows from the fitted residual bounds. For the second derivative
the same subtraction gives linear errors through order two and one product of fitted first-derivative
errors. This product satisfies

1
7 2 MM AP < AMD |zl APD s
it

me ¢ZtK|<O(T‘”2)+CNTZ{HAM T2 + [|APT) || yr2}
r=0

2 1) 1)
+ NT ; |AM;, KAPZ(t K

= 0p(T7Y? + N Prk).

Proposition E.3 (Consistency of the bias correction). Under (A.9),
Bk — Br = O,(T™Y% + X 2rk) = 0p(1). (E.8)
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Moreover,
T By — J Brr = 0p(1). (E.9)

Proof. Write Q?T = Z| jl<L 71 D ote () CitGit+j for the oracle innovation lag sum. Because fA,-t =

Git — d; and the retained lag set is fixed, sup; @2] < C pathwise. The reuse-channel error has the
exact decomposition

~

B -5 = 3 S S @~ o0

i |jI<Ltelr( )

—dei > f > Yk

¢ ljI<L  telr(f)

1
TNT Z Z Z {@/’gtl,)KCi,Hj - Ei[lb,(,i)KCi,Hj]}

i |jI<Lielr(d)

P IR SN

i \J\<L

These terms have orders Op(ea ), Op(T~Y?), O,((NT)~1/2), and O(T1), respectively: use
bounded E, the average root moment, the fixed-lag variance bound in Lemma C.1, and exact
stationary pair counts. The second term includes the boundary contribution from a constant score
derivative.

The fixed lag set and bounded innovations also give ]Q — Q%] < C(|d;| + d?). Hence the
curvature-channel error satisfies

»(2
B - r<NTZ|wM ikl + Z(\d-|+d$>

NZ!W uzK|+NZm -0,

The last two averages are O, (T -1/ 2): the centered unit means and lag products have L2 order T~
and E; Q% — Q¢ = O(T~1). Lemma E.2 proves (E.8). The calculation below gives BKT Br =o0(1)
and Br = O(1). Finally, the exact normalization identity

Ji' B — Ji'Bir = Ji (Bi — Bi) + J ' (Bi — Bir) + (J' — J")Brr

and denominator consistency prove (E.9). Remark D.18 transfers the result to the reported proce-
dure. O

1/2
)

Comparison of the exact drift and bias coefficient. Let R;x be the exact third-order Taylor
remainder in the proof of Proposition E.1. Condition (5.2), after a time shift, implies

E; [@ﬁ,(z)KCisCir] = Vir Ei[GisGir- (E.10)

Lemma E.4, (E.10), and finite-range pair counts give

4 1 L
Ei [Aing)] =Ex[2bxmi.a = hica] X § Q¢ = > lilvec() ¢ s
<L

—(2 ViK 1 Iy
7 B[R] = 25300 - = D lihe (i)
ljI<L
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Consequently,

1 2 Ay, K . .
Brr — Bﬁ() - B§<) = - UT Z 17170 (4)
lI<L
1
T 9TN Z 171 (7) ZVZK
ljI<L (E.11)

T _
+ N ZEi[(di ~ MDY
ZE [(d2 — A2 + ZJE

Since clipping is a contraction about the true coordinate and can bind only when |A;| > by,
leil < [Ai[1{[Ai| > br}, |d7 — AF| < A7L{|A] > br}.

The raw tail moments in (D.14) and bounded score paths therefore give

()]‘<C’Tb N—ao,

2 - AN )]‘ < CTbz N, (E.12)
S R |Ri| < T2
N : 7 K| > .

The two finite-window terms in (E.11) are O(T~!). Hence |Bxr — Bg| < C’{Tfl/2 + TbrN~% +
T2 N~%} = 0(1). The mixed third-moment restriction enters this calculation and the nuisance
coefficient bound.

E.3 Joint Finite-Range Bias Calculations

The analysis derives the bias formulas under joint bounded finite-range dependence, allowing cor-
relation between the measurement shock and treatment residual while maintaining an independent
outcome-error process. These identities feed into the variance limit below and the theorem proofs
in Appendix F.

Long-Run Covariances Stationarity and L-dependence give v,¢(j) = v¢(j) = 0 for [j| > L,
so their long-run sums are exactly €, and Q¢ defined above. Example A.3 gives closed-form
formulas for these objects under finite moving-average filters, including the MA(1) design used in
the simulations.

Derivative and Curvature Terms Suppress (X;;, ;) on grid-projection functions. At the
finite-sieve target, up i1,k = Vit + Tm,it K » Git, K = Uy,it, K — Oxup itk = €it +Thit, Kk — DKUD it K -

Lemma E.4 (Derivative and Hessian decomposition). Set agtl )K = 2bxkmkq — hiqe and al(.t2 )K =

2bxk MK aq — PK aa, With the functions evaluated at (Xit, y). The coordinate derivative of the theta
score satisfies

d}z(tl)K - bzt)K + az(t )Kvlt — MK ,a€it,

p

(E.13)
il = —MKaThit,K — Tm,it, K VKo + 20K Tm it KM K a-
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The second derivative satisfies

(2) ) (2)
‘/’it,K = bz’t,K + ;g Vit — MK aafit;

(2) 2 (E.14)
bm}( = —MK,aaTh,it, K — Tm,it,KhK,aa + 2mK,ahK,a - 2meK,a + 2bKTm,it,K'rnK,aa-
Consequently,
1 1 .
Ei[ {0 Gis) = Exlal s 110 (). (E.15)
2
E; [¢§t,)f<éis@r] = vik Ei[GisGir]- (E.16)
Proof. The proof first differentiates the score while holding (Yj;, D;;) fixed, and then substitutes
the target residuals. Since O up itk = —MK,q and 0uqit, Kk = bx MK o — hK q, the product rule gives
1
%(t)K = —MKaGit,K + up,it, kK (bkMK 0 — hia)

= —MK it — MK,aThit,K + 20KUD it KTVK,0 — UD,it, KPK.a
1 1
= b§t7)[( + a/gt’)[{’Uit — MK .,afit,
where the last equality uses up itk = Vit +7m.it, ik and groups the terms without v into bl(t1 )K This
proves the decomposition in (E.13).
Differentiate the first line once more before substituting:

2
%(t,)K = —MK qalit, K — 2MK,a(bkMK.a — Pia) + uDit K(DkMEK 00 — MK aa)

= —MK,aa€it — MK,aaTh,it, K T 2bKUD,it,KmK,aa

2
—up,it, KNK,aa — 2bKk M o + 2MK oK
(2) (2)
= bit,K + Q¢ Vit — MK,aait-

This proves (E.14) and displays the two product-rule cross terms explicitly.

For (E.15), multiply the first decomposition by (;;. Terms in bgtl)K depend only on X and have
a centered ( factor; the outcome-error term has zero expectation by independence and centering.
Thus only the v( term remains, giving (E.15).

Condition (5.2), after shifting all three dates by —t, gives E;[vy(;sCir] = O for every (t,s,r).
The independent outcome-error process is centered as well. Only bg)K remains after multiplication
by two ¢ terms. Independence of X and the disturbance process then factors its expectation,
proving (E.16). O

Summing (E.15) over lags and using (E.16) give

1
BY = Qe S Exlaly)] = Quctty k- (E.17)
0
BY = ﬁZwK. (E.18)

The exact finite-window pair counts and clipped-coordinate bridge are already derived in (E.11);

their remainder bounds are (E.12). Thus Bgr — Bg) - Bg) = 0(1). The raw sample mean has no
nonlinear first-step-bias channel. Its clipped coordinate remains distinct on the exceptional event,
whose contribution is controlled by (E.12).
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E.4 Variance Estimation and the Cluster Central Limit Theorem

Lemma E.5 (Fixed-lag variance estimation and a cluster central limit theorem). Consider a
sequence with N — oo and T — oo, with L fized. Let x; be conditionally centered, stationary,
L-dependent within units, independent across units, and uniformly bounded in conditional L*. For
T > L, put ®;p =T~ /2 > ¢ Xit and

Skr = 2 3 (1= 1j1/T) Eilxoxis] (E.19)
i |jI<L
If S3p — % > 0, then (NT)~1/? >iu Xit ~ N(0,8%). Independently of the Gaussian-limit con-
dition, suppose X% = Xit + a;, with a; constant over dates, and |X — X°||nT2 = 0p(1). Then the
difference between the fized-lag variance computed from the demeaned fitted array and SJQVT is op(1).
No dependence restriction is imposed on the fitted or demeaned arrays.

Proof. Write x; = T~ ! > ¢ xit and ?Z =71 Zl Xit- Demeaning removes a; exactly and contracts
the empirical L? norm. Thus, with ri; = (Xir — X;) — (xit — Xi), € = [I*[Ivr2 < [IX— X lInT2 = 0p(1).
For each retained lag, multiplication gives

(Xit — Xi) Kist+7 — Xa) — (it = Xa) (X457 — Xi)
= it (Xi,t+5 — Xi) + (Xit — Xi)Ties + TitTit4-

Averaging over Ip(j) and applying Cauchy—Schwarz bounds the absolute difference between the
two lag statistics by

2e||xit — XillnT2 + € = 0p(1).

For the oracle array, put a;; = T-1 ZteIT(j) Xit and b;; = 71 ZtEIT(j) Xi,t+j- The exact difference
caused by demeaning is

Jifz {=Xias; +big) + (1 = 51/T) (%)} -

The shared mean bound gives conditional second moments C/T for all three unit means. Cauchy—
Schwarz and Markov’s inequality make this difference O, (T ~1). The undemeaned oracle lag average
has its stationary expectation (1— |j|/T)N '3, Ei[xi0xi;] and fluctuation O,((NT)~Y/2) by (C.2).
Summing the fixed set of lags proves variance consistency.

For the Gaussian limit, exact window counts give N -1 ZZ Var; ;7 = S?VT. Lemma C.1 gives
sup, E; |®;7|* < C. Thus the conditional Lyapunov ratio is at most

N2 ZzEZ |(I)1'T’4 < C
(Sxr)? = N(S}r)?

The independent-cluster triangular-array theorem proves the limit. O

— 0.

Feasible-to-Oracle Comparison The comparison uses the fixed lags [j| < L.

Write 51 K= 71 > ¢ dirk and (ZiK =71 Do @t, ki for the unit sample means. These sample
means differ from conditional population means, which center the quadratic first-step terms and the
coefficient derivative averages elsewhere in the proofs. The centered oracle score is ¢;; x = ngxm K-
For the feasible comparison, define the uncentered oracle version

0k = I (i i (i) + pinCie} = bk + I Bilthio i (E.20)
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The last term is constant within unit. Therefore, demeaning gblt K gives @ik — ¢, exactly. The
fixed-lag oracle HAC statistic is

1 & _ _
K0 = 3 g > (it — Gig)(Birrir — Pirc)-

1 jI<Ltelr(5)

Define its finite-T" target by

O'%(NT = Z Z ( |j|> COVZ(¢10 K> Qi K )- (E.21)

i=1|j|<L

Lemma E.6 (Feasible-to-oracle score comparison after demeaning). Under Assumption 5.1 and
the rate conditions in (A.9),

" 0
bir — e

Cor = ( = 0p(T72 4 2t v + ’fK - JKD = 0,(1). (E.22)

NT,2
Since the unit constant in (E.20) disappears exactly and within-unit demeaning is an L? contraction,

|G = ) = @ = B ., < o (E.23)

Proof. Work on L. The residual identities used in Lemma E.2 give
bit. i — Vit = Vie i (@) — Ve e + uh i i it i — q?t,KAMftO}( AMZ(t }(ACIit,K-
The bounded coordinate derivative and fitted-level error bounds imply ||¢ —|lnT2 = Op (T2 +

ri). The first-derivative error bound and the oracle mean bound give
1/2

1/2
1 =R 1 —(1 _ _
{N Z(Mik - NiK)Q} <eax + {N Z(%(K) - mK)Z} = 0,(T™2 + Ahri),
l ) Z 1/2 . 1/2
|12€ — pCl| N2 SC{N Z(ﬁm—,um)Q} +C{N2df} i

i
The second inequality uses bounded 2 and El-t — (it = —d;; it assumes no independence of fits. Since
Jrd® = 1 + uC, exact denominator replacement gives

0 —¢° = (J' = I (W + ) + T — ) + (€ — no)}-
The oracle numerator has bounded empirical second moment, and the two denominators are
bounded away from zero. The preceding inequalities prove (E.22). Subtracting unit means is
an empirical L? contraction; the unit constant in (E.20) vanishes exactly, proving (E.23). Use
Remark D.18 for the global probability statement. O

Proposition E.7 (Consistency of the fixed-lag variance estimator). Under Assumption 5.1 and
the rate conditions in (A.9),

dK — QK0 = 0p(1). (E.24)
a0 — 0Nt = 0p(1). (E.25)
Consequently, Qi — 0% g = 0p(1).

Proof. Apply Lemma E.5 with x = ¢ and x° = ¢° from (E.20). The oracle score is centered, station-
ary and finite-range with bounded fourth moments. Lemma E.6 verifies the fitted L? comparison.
The lemma’s lagwise product bound gives (E.24); its oracle demeaning and window calculation
gives (E.25) with target (E.21). Both statements hold before taking a variance limit. O
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Variance Target and Limit The preceding consistency result concerns the raw lag statistic
qr- The result below proves O’%( NT — 0% > 0, so the sample-mean reporting rule changes it with
probability tending to zero and 6% — 0% g = 0p(1).

Lemma E.8 (Oracle score and variance limit). Under Assumption 5.1 and \g — 0,

N

1

N Z Z |Covi(zi0,K, 2ij,K) — Covi(viogio, vijeij)| = o(1), (E.26)
=1 |j|<L

and Jxg — 7,(0). Hence

2 2
OKNT —7 0,

> 7()=0) (B.27)

o2 = l71<L
’Yv(o)2

Proof. At the grid target, up = v+ ry, and uy — 0gup = ¢ +r, — bgup. Consequently, the exact
score difference is

Vit k() — Vit€it = Tmit, KE€it + VitThit, K + Tmit, KTh,it, K

— b (Vit + it i)

Bounded disturbances, the two projection rates, and identity (2.6) make each term on the right
negligible in finite-grid L?:

N
% > E [Wio,K(ai) - vige,;oﬂ = o(1).
i=1

The outcome error is centered and independent of v, so E;[vipeio] = 0. Jensen’s inequality therefore
supplies the unit-centering bound

N Z\E [io,k]| ZE [Who K (s) — viogiol } =o(1).
The derivative decomposition in Section E.3 also gives N ! Zi’HiK| = o(1). Since ( is bounded,
the full centered-score difference is
Tit, ik — Vit€ir = { Wi,k (i) — virear ) — Bilwio k] + pir Git-
Consequently,

| X
N > E [\%0,1{ - Ui05i0’2:|

=1

N
3
< ;Ez [Wio,K(ai) - Uz‘osz‘o\Q] N Z\E [Vi0.x]| + 5 Z’MK|

Because both scores are centered, their covariance difference has the exact two-term decomposition

Covi(zio i, xij k) — Covi(viogio, vij€ij)
= Covi(zio,k — Vio€io, Tij, i) + Covi(viogio, Tij Kk — Vij€ij)-
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Their second moments are uniformly bounded. Averaging the last display over ¢ and applying
Cauchy—Schwarz therefore gives

N Z|COV1‘(~TZ‘O,K> xij k) — Covi(viogio, vij€ij )|
i—1

| 1/2
2 _
<C {N E_l Ei|zio,x — viogiol } =o(1).

Summing this bound over the fixed lag set proves (E.26). Similarly, the denominator obeys

N N
2 1 9
Jrk = 7(0) + N ZEZ [Vi0T'm,i0, K| + N Z;]Ez [7'm.i0.K]

= 70(0) + o(1).

Assumption 5.1(i)—(ii) makes the cross term zero, and the projection-error bound makes the last
term o(1). The € process is independent of the joint (v, {) process, so Cov(viogio, vij€ij) = Yo (J)Ve(4)-
Substitution in (E.21), followed by T"— oo, gives

oy = Z > ( >Covl(xng,x”K)

=1 |j|<L

QZ% 3)7e(j

ljI<L
which proves (E.27). For nondegeneracy, define the spectral-density trigonometric polynomials
Jelw) = Gy Z Ye(j)e ™M, c € {v,e}.
l71<L

They are continuous and nonnegative. Since ~.(0) > 0, neither is identically zero. A nonzero
trigonometric polynomial has a zero set of Lebesgue measure zero. Since scalar covariance functions
satisfy v.(—j) = 7.(j), Parseval’s identity gives

Z Yo(§)e(j) =27 fv(w)fg(w) dw > 0.

l7|<L

Hence o2 > 0. O

Cluster Central Limit Theorem

Proposition E.9 (Scalar cluster central limit theorem). Under Assumption 5.1 and \x — 0,

N
NN "0 i~ N(0,0%). (E.28)

=1

Proof. Use Lemma E.5 with the centered oracle ¢. The bounded score and derivative envelopes,
and Jx bounded away from zero, verify its uniform fourth-moment condition. Lemma E.8 supplies
S%p =02 Ny — 02 > 0. O
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E.5 Proof of the Active-Channel Result

Proof. Equation (E.17), obtained from Lemma E.4, gives Bg) = Qycly k. It remains to establish
the limit of @, k.

Let gx(a) = f[0,1]dx hi.q(z,a)dz. Lemma D.4 gives a uniform bound on ¢j, so gx has uni-
formly bounded total variation. Applying integration by parts to the discrepancy bound in (5.1),
and accounting for the two omitted boundary strips, yields an O(N~! + br) approximation error.
Uniform derivative approximation and quasi-uniform coordinate quadrature give

1 1
— Ex hiq(X, o —/ / ho,o(z,a) dadz
N; ) 0.1]%x Jo )

, %ZZ Ex mgqo(X, o { = O(1). Identity (2.6) gives b — 0. Therefore

< |lhga = hoall, + Cor + N71) = o(1).

QbeZEXmKa(X a;) ZEX hKa(X ;)
(E.29)

— — {ho(l’, 1) — ho(]I,O)} dz = —by,.
[0,1]%x

The last equality is the fundamental theorem of calculus in a. Combining (E.17) and (E.29)
completes the proof. O

E.6 Proof of the Primitive Bias Limit

Proof. Section E.5 establishes the derivative—influence limit for the covariance channel in Proposi-
tion 5.2. For the curvature channel, the exact Hessian decomposition in (E.14) gives

1 1
N g ViKk = N Z Ex [_mK,aarh,it,K - rm,it,KhK,aa + 2TnK,ahK,a
7 7

2
— 2bgmi o + 26K T it, KK aa) -

The projection bounds in Section D.1 imply uniform convergence of the first coordinate derivatives
and uniform boundedness of the displayed second derivatives. In particular, the first, second, and
fifth terms obey the explicit product bounds

1
N ZEX[mK,aarh,it,K] < ||mK,aa||oo HrthHoo = O()\}?),

1
N ZEX [Tm,it,KhK,aa] < ||rm,-,K||oo ”hK,aaHoo = O(XZL)?
7

2bk
N ZEx[rm,it,KmK,aa] < 20bxc| lrm, i llog 1M1 .aallo = 0(1)-
(2

Identity (2.6) gives bx — 0, so the fourth term is bounded by 2|bx]| ||mK,aHio =o(1).

It remains to transfer the signed product mg, ah K o from the coordinate grid to the continuous
design. Define the two nonnegative functions ¢4 x(a f[o 1)9x {mra(z,a) £ hgo(r,a)}? dz. The
first coordinate derivatives of the two projections are contmuous and cellwise polynomials of degree
at most p — 1. Hence g5 x € Qp(p—1),x for each s € {+,—}, so Lemma D.3 applies to both signs.
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The polarization identity 4m s ohx.o = (MK + hia)? — (MKa — hiq)? therefore gives

1
N zi:EX[mK,a(X, ai)hio(X, a;)] — - mi.a(w)hi o(w) dw
< 1 1 1 .

1
<O am [ @ + 0@ da = o).

The last line uses (5.3) and (D.9), which imply fol (¢+.k + ¢—x)da = O(1). The same derivative
approximation also gives

micalwlhaca(w)dw = [ moa(w)hoaw) dw\

oo T IMoalle 1.0 = h0,0ll o = o(1)

/.
<|mr,a —moall [1hKa

Combining these two limits with the four bounds above yields
1
N Z Vik — 2 /W+ mo,q(W)ho o(w) dw = 2¢p.
(2

Combining this limit with (E.18) proves (5.5). The two channel limits and the exact decomposition
of Bk then give (5.6). Finally, Equation (E.11) shows that the clipped finite-T" coefficient differs
from the two analytical channels by o(1), proving (5.7). O

F Proof of the Main Growing-Sieve Theorem

F.1 Rates and the Two Expansions

Proof of Theorem 5.3. Write m = max{dy,3} and A\ < T~%/% . The lower rate-window bound
gives TA7»*™ — 0, hence VNT(0x — 6p) = o(1) by (2.6). The upper bounds give ¢ < 1 and
g(m+4)/(2dw) < 1,50 \Zrx — 0 and A" /T — 0. For dy > 3 the latter is ¢ < 1; for dyy < 3 it
follows from q < 2dy /(m +4). Also K, log(NK,)/T = o(1) because K, =< T/ and dx < dy .
Thus (A.9) holds and A\g — 0.

Lemma D.11 gives both coefficient errors order rx. The stable Gram therefore gives

VNTle] Qrex| < VNT|Qx loplles lllex]| = Op(vVNT )
= Op(A"/T) = 0p(1).
Proposition E.1 controls the score remainder; the rate calculation already controls the target differ-
ence. Corollary D.17 proves high-probability acceptance. Lemmas D.13 and D.14 give Jx — Jg =
op(1) and Jg — ~,(0) > 0.
On acceptance, combine the exact profile identity with the exact score expansion and subtract
the feasible correction:

~ ~ . 1 ~
VNT (0 — ) = JKlﬁ > i xc + /NJT T Bier + 0p(1),
it

~ ~ . 1 ~ ~
VNT (6 — 6p) = JKlﬁ > " wik + /N/T T (Brr — Bi) + 0p(1).
it
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The centered leading sum is O,(1), and the exact bridge gives Bxr = Bg +0(1) = O(1). Therefore
denominator consistency permits J 1}1 to be replaced by JI_(1 in both leading terms. Proposition E.3
and the expectation bridge make Brr — Bi = 0p(1), removing the second term of the corrected
expansion. For the uncorrected expansion, Proposition 5.2 gives Bx — B. Using © = Jxg¢, N/T —
ko and Jx — 7, (0) proves both linear representations. Lemma E.8 gives the positive variance limit,
and Proposition E.9 supplies the Gaussian limit. Lemma E.6 and Proposition E.7 give raw variance
consistency. The sample-mean safeguard selects its positive branch with probability approaching
one, so square-root continuity and Slutsky’s theorem give studentization. Remark D.18 makes the
result global. O

F.2 Serial-Independence Specialization

Proof. The inherited conditions ensure that Theorem 5.3 applies. Serial independence makes all
nonzero-lag population covariances vanish, while mutual independence gives 2, = 0. Hence the
active derivative channel vanishes. Equation (5.8) reduces to Var(e;)/ Var(vi:), which proves the
stated specialization. O

G Proof of the Smooth Scalar Moment Theorem

Throughout this appendix, Assumption 6.1 holds. We first expand the observable coordinate and
the target score. We then control the random-coordinate Gram matrix and derive the nuisance
rate from its normal equations. The remaining steps compare the feasible lag statistics to their
oracle versions and apply a central limit theorem across units. Throughout this appendix, fitted
second-stage objects refer to the procedure in Section 6, with acceptance event Op and threshold

ar = CtolT_1/4‘
The growth conditions imply
\/T/\K—>OO, bT/)\K—>0, N)\K—>OO,
Klog(2K)/(NT) — 0, K;log(2NK,)/T — 0.

For example, )\;(1 =o(T 1/ (dW+4)) bounds each power of )\;(1 in these expressions by a strictly smaller
power of T" than its denominator; the remaining logarithms are absorbed. The deterministic chain
in Lemmas D.1, D.2, D.3, and D.4 therefore applies to the present grid and spline. In particular,

1
clig = QK = CIK) QK = N ZEX[pK(Xv O‘i)pK(X’ ai)T]v
i (G.1)
sup i (. a)| < CVENZ, 10500 — T wlo)loo < CXZT, 0<r <3,

where [y is mg or hg and the suprema are on W . Consequently the first three coordinate derivatives
of the projected functions, and of the scalar score at the population coefficients, have constant
envelopes. The basis-vector envelopes have the displayed v K Ay factors.

Independence of X from (v,e) and E[v] = E[e] = E[ve] = 0 verify the moment conditions of
identity (2.6). Consequently, Jx =V + w5 i Bilra il =V > 0and |bg| < Ot

60



G.1 Observable Root and Score Expansion

Lemma G.1 (Observable-root expansion). Let A; = &; — o and d; = &; — «j. There are uniform
constants C,c > 0 such that

P;(|A;] > z) < Cexp(—cTx?) + Cexp(—cT),
Idillzr + &l < G2, 2<r < o0

The expansion (6.3) holds with the stated uniform moments. Also max;|d;| = Op(br). For each
fired r > 2, N7 |di|" = O,(T~"/?).

Proof. Under Assumption 6.1, the uniform-Jacobian grid argument of Lemma C.4 applies on the
known compact A. Let

Ji= {sup 0ugir(a) — E; Oag(Wio, a)| < CG/Q} : (G.2)
acA

Its failure probability is C'exp(—cT'). Intersect it with |gir()| < ccd/2, whose complement has
the same exponential bound by Lemma C.1. The signed endpoint argument in Lemma C.4 places
a unique zero in I; = [a; — 6, a; + 6] C A. The Jacobian event makes the sample moment monotone
on all of A, so there can be no other zero. The observable selector therefore coincides with the local
branch on this intersection. Both selectors have bounded fallbacks; their difference contributes only
exponentially small moments. The shared scalar concentration and root inequality give the stated
tail and all fixed moments.

Proposition C.5 now supplies the raw-root expansion with the population-Hessian ¢;7 2 from (C.6).
Clipping changes the raw root by at most |A;|1{|A;| > br}; integrating its tail gives

E; |6 — 64" < CpbpN~CF + Cy exp(—cT).

For 2 < r < 8, CCZ > 16 and N =< T make its L] norm 0(T‘3/2). Projection about «; is a
contraction, so the clipped-root moment bounds also follow. Exact window counts (C.3) applied
to the two products in g7 give Bir2 = TE;qir2 = B; + O(T~1) with B; from (6.2). Set qir2 =
gir2 — Ei qir2 and ri7o = d; — EL — qir2 — Bi/T. The main text suppresses the last index 2; the
O(T~?) difference between the two mean terms is included in 7;72. This proves (6.3). Markov’s
inequality gives the average moments, and the scalar tail plus a union bound gives the maximum
rate. For bounded deterministic w;, unit independence gives

VNT -
E T 213 wifqviT,Q = N ;’U}? Var,‘(ql-TQ) < C/T
Hence the centered quadratic term is 0,(1) at the v/ NT scale after averaging across units. O

Lemma G.2 (Scalar-score expansion). Under the maintained conditions,

1 R 1 By 1 i
7§ , ; :7§ ; - =4 T32) ,
NT £- Vi () = 17 “ itk T p +OP<T\/N+ ) (G.3)

The ezact clipped population coefficient differs from By by O(T*1/2).

Proof. Use the score v g, its derivatives, and the means (L, Vik from the main text. These
arrays have bounded envelopes by (G.1). Let r) = d; — &, — gir2. Taylor’s formula and addition
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and subtraction of the two population derivatives give the exact decomposition
PN - z —(1) z 1 z
Vir(0) = Yige + i€ + (i — tix )& + pikgir,2 + §ViK(§i)2 + R,

—(1 —1 1 — -
R; = (%(K) — K )GT,2 + %(-K)T? + 5(%(-1() —vik)(&;)?
12

_ 43 1
+ 5%‘1{@? —(E)H+ ﬁ Z:/O (1—- 5)233¢it,K(ai + sd;) ds.

The path remains in [0, 1]. Finite-dependence moment bounds and Lemma G.1 yield, term by term,

—(1) —(2) -
Ei |Ri| < Wi — paircllp2ll@ir2ll 2 + CHTZQHL} + Clivhix — ViKHLngiHi;l
+Clld; = &l p2lldi + &ll 2 + CE; dif* < T2

No third-moment cancellation is used here. Each of the three displayed quadratic terms preceding
R; has L? norm O(T™!); for the first this follows from the fourth moments of its two centered
averages. Their centered cross-unit average is therefore O,(1/(Tv/N)). Equation (C.3) gives their
expectations as the three terms in (6.4), divided by T, with total error O(T~2). Finally, the grid
projection implies N~ > E;[1;: k] = 0. Averaging the exact decomposition proves (G.3). Taking
expectations first and multiplying by 7' gives the population error O(T_l/ 2) separately from the
centered fluctuation. O

G.2 Uniform Gram Bounds over Coordinate Shifts
Lemma G.3 (Random-coordinate Gram bound). For 0 < p < A\g, let

D, ={d € RY : max|d;| < p, o; +d; €[0,1]},

1
G(d) = NT thK(Xz’ta i + di)p (Xit, 0+ d) T
2y
There is an event &, depending only on the covariates, with P(E;) — 1, on which, simultaneously
for every 0 < p < Ak, d € D,, s € [0,1], and ¢ € RE,

1
= [T O (Xigy i + sdp)? < ONGFT e’ r=0,1,

it

sup 1G(d) = G(O)]lop < C{p/Aic + (p/Ai)?}.

Also

Klog(2K Klog(2K
rG<o>—czKHop:op< B | Hloet >),

P(c. i = Qr < Cidg) — 1
for fixed positive cy, Cy.

Proof. Write the tensor factors as pf (x) and p% (a), as in Assumption 5.1(iv). Consider a pair
of overlapping basis functions j,k, and put Uy = pk ;j(Xit, oi)pr k(Xit, o). Local support and
normalization give |U;| < CK and

EX[pfz (X)Zpiﬁ(Xf] < CK,, #{i:q; € supp(p?apza)} < CN)\g.
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The count follows from the minimum spacing and support length CAg. Consequently

ZE | < CK,K2*\g < CK, Y Var(Uy) < CNTK.
it

This is an average second-moment bound; the second moment for a single unit can instead have
order K, K?2. Independence of the covariates and Bernstein’s inequality imply, for u > 1,

1 Ku Ku
R P l]. - - < _u.
F NTZ (Uix —EUa) >C{ NT+NT} = 2

)

There are at most C'K nonzero entries and at most C' entries per row. A union bound followed by
|Allop < max; >, |Ajx| proves the asserted oracle rate. The same argument within each unit gives

1
Gri= ;pf@ (Xi)pk, (Xa)

. " K;log(2NK, K log(2NK,
ma G — Exlpfe, (X)pfe, () lep = op( ONR) | Kelogt )> ~ 0,(1).

The continuous Riesz bound permits a fixed M, such that &, = {max; |G illop < M} has proba-
bility approaching one.

On this event fix any permitted shift and put a; = «; + sd;. Each a; stays in [0, 1]. If J is a full
positive knot span, then

nyg=#{i:aq,€J} <14+ — (]J]+2p)<CN/\K

Oé

Assign a point at a knot to either adjacent span. This count allows shifted points to coincide. At the
boundary, use the full positive span of length comparable to A\, rather than its intersection with the
clipping interval. Reshape cinto B € RE+*Ka with || B||r = ||| and ¢ px (x,a) = Pk, (x)TBp‘IQa (a).
For the vector polynomial f(a) = B (p%(a)(’") (a), scalar norm equivalence on a full span, applied to
every component, gives

sup | f(a H2<Zsup|fj 2<0A12/|f] (@)]? da,

j=12€
*Z IB(pf,) " (a:)])* < Z Supr )? < C/ IB(p,) " (@)[|* da < ONZ" e,
The last inequality applies the one-dimensional Riesz and inverse bounds to each row of B. Their

constants depend on the fixed degree and knot ratios, not on K,. The tensor quadratic form now
yields

NTZ e Ol (Xie, ai)] NZ D7 (@) GralB(pi, )" (@)

< W‘T Y IBE,) (@)l < O el

This deterministic argument on &, holds simultaneously for every coefficient and every shift satis-
fying a; € [0, 1], including data-dependent shifts.
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For |lc|| = 1, put 2z = ¢ pr(Xit, 05) and 6z = ¢ {pr(Xit, a5 + di) — prc(Xit, )}, The
fundamental theorem of calculus and Jensen’s inequality give

1
0z = di/ ¢ Oupr (Xit, i + sd;) ds,
0

1
1
||5z||?VT72 < pQ/O NT E [c" 0k (Xit, i + 5d;)]2ds < C(p/rk)?,
it

1
lcT{G(d) — G(0)}¢| = ~7 2;{2%5% + (8zi)%}
< 2|lzllnr2lldzllnre + 102 %2
< C{p/Axc + (p/Ax)*)-
Take suprema over ¢ and d. By Lemma G.1, the actual shifts satisfy max; |d;| = O,(br), and

br/Ax — 0. Combining the perturbation bound with the oracle rate and (G.1) proves the last
assertion. When dx =0, p, =1, G (0) = Qi exactly, and &, can be the whole sample space. [J

G.3 Nuisance Rate, Acceptance, and Exact Profiling
Lemma G.4 (Nuisance rate and derivative consistency). Put 7. x = VKN /T. Then P(Or) — 1,
Jrk — Jg = 0p(1), and
Fr = vl + 101 = Oxcl] = Oplre ).
sup |07 (I — I ) (x, a)| = Op(KAL" ™ /T) = 0y(1),  r=0,1,2,

zT,a

where (ZAK, lk) is either fitted and population projection pair. On Or, the ezact profile identity (A.4)
holds for these objects, with a profile remainder o,((NT)™'/?). Also x — 0k = O,(T1).

Proof. For (R,lix) = (D,mg) or (Y,lg), let Fiy x(a) = pr(Xit, a){Rit — Il (Xit,a)}. Write cp i
for the corresponding projection coefficient yx or dx, with candidate ¢ x and reported fit cg k.
These are the original nuisance normal-equation contributions. Product differentiation gives

F' = po(R—1) — pla,
F'" = paa(R - l) — 2pala = Plaa,
F/// _ paaa(R _ l) — 3paala — 3palaa — plaaa.

By (G.1), the entire vector F() has envelope A, = C\/E)\I_{, 0 <r <3. Write up; = E;[Fit k()]
and pp ; = E; [szt, x(a;)]. Since ), ur; = 0 by projection, Taylor’s formula gives exactly

1 — - 1 — 1 _
N Z Fig(@) = Z(FZK — kRt 5 Z pr i
(] (] K3
1 — — 1 e, _
N > (Fix — )& + N > Figldi—§)
i i
]. /! 2 ]. 3
t 5N Z;Fi,Kdi +t N ;RFW [RRll < CAs|di]”.

Derivatives without an argument are evaluated at «;. Independence across units and Lemma C.1
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imply
2

E < CA§/(NT),

% Z(EK - ,UF,i)

% Z MF',in
(]

The second line uses E; &, = 0, not a zero derivative mean. For the remaining four terms, the
expected norms are bounded by

1 — _
N Z ||F2K - HF’,iHLg”fiHLf < CAl/Tv
i

2

1 _
" = 32 2 Il Ei(E)” < CAY/(NT).

Ay _
WZE |di —&;| < CA/T,

N ZE d? < CAyT,

CAs

N > Eildi* < CAs T2,

Markov’s inequality and N < T, VTAx — oo show that all six terms are O,(vVEK\g>/T). This
calculation permits arbitrary within-unit correlation between F' and &.
On the Gram acceptance event, the candidate coefficient error obeys the exact normal equation

. ~ 1 1 ~
CRK — CRK = QKlﬁ D Fuk(@).
it
Lemma G.3 bounds its inverse in probability and proves the candidate coefficient rate. It remains

to prove acceptance of the candidate denominator before transferring this conclusion to reported
objects. For the candidate treatment residual, the Gram energy bound gives

1/2
- T 1
lip — up vtz < PT (Y& — &) |NT2 + C (N Zd?>
5

= Op(rc,K + T_l/Q)a

[Tk = o b w| < i — up i lnr2{2lup,klInre + i — up klINT2} = 0p(1).

it

1
NT
The finite-range variance bound implies 1= D u%ﬂ.t’K — Jxg = Op((NT)™Y/2). Also Jx =V +
ﬁ i Ei [ern,it, k) = V > 0. Since the Gram test passes with probability approaching one and
ap — 0, the candidate denominator passes with probability approaching one. This proves P(Or) —
1, and Remark D.18 transfers the rates to the reported coefficients and denominator.

On Op, the candidate construction satisfies all three profile normal equations. Lemma A.2
therefore gives (A.4) for these coordinates and coefficients. The coefficient rate and (6.7) give

VNT|e] Qrcer| = Op(T(rex)?) = Op(KNG/T) = 0p(1).
Lemma G.2 now proves Ok — O = O,(T~1). Finally, for r =0, 1,2,
sup |95 (I — Ux)(x,a)| < OVENS [rie — criell = Op(EALT/T) = 0,(1),

T,a

as claimed. 0
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G.4 Feasible First-Step Influence and Bias
For the random-Jacobian covariance, write Cce; = > j<f, Ei[{0a9(Wio, i) — Gi}&;;] and 6@5’1' =
T 2jI<L 2teir() (Git — Gi)&iirj-

Lemma G.5 (Truncated-inverse and lag-statistic moments). For every fized finite r > 2, uniformly
m,

< C,T7Y2
L

19 = Qill 2 + 1 Coei — Cagllz + 1B — Billz < T2

IGi — Gillzr + | H; — Hillrr + |G — G| 1r + || max | — &t
i i i t<T

Furthermore, max; ¢ |E“g\ = 0,(1) and N1 ZZ(B\E + 5\212) = 0p(1).

Proof. The event J; in (G.2) controls the sample Jacobian over the entire interval. On that event,
for large T,

Gy| > ca/2 > ar, IG-1| < 2/cc.

On the whole sample space only the bound \6_\11] < ct_o}Tl/ 4 is available. Passing the observable
threshold does not itself imply a constant envelope. Bounded derivatives and Lemma G.1 give

|G — Gi| < |Myr| + Clds],
On J;,
g1y o |GGl

S| = = < C(|Mr| + |d;]).
i TeXeX (IMiz| + |di])

The complementary event has probability C exp(—cT") and an envelope C/(1 4+ T/4). Its L? contri-
bution is at most C,.(1 4 T'/*4) exp(—cT'/r), proving the inverse rate.

To control the maximum over dates, let z;; = g(Wit, o) and 2y = g(Wig, ;) — T+ Yo 9(Wig, ).
The exact differences are

1 ~ _
t Zit = {g( ity a’L) - g(Wita al)} - T Z{Q(W’LS7 al) - g(Wi87 al)} — Zq,
Eit — i = —(G~L; — G Yz — G 1,(Zu — 2ar).
Therefore, on J;,
D¢ = m?X@t — &l < O(|Myr| + |di] + |Z4])-

The right side contains only unit-level averages and the coordinate error; no union bound over ¢
is needed. Its LT norm is O(T~/2). On J¢, D¢; < C(1 + T'/*), whose moment contribution is
exponentially small. This proves the influence rate even when clipping binds. The subtracted mean
in (6.9) is zero when selection succeeds and clipping is inactive.

Set si = 0u9(Wit, ;) — G and s = Gzt — G Their maximum difference satisfies Dy; <
2Cd;| + |Myr|. For (U, V) = (£,€) or (s,€), the oracle factors are bounded, stationary and jointly
finite-range under Assumption 6.1. Lemma C.1 gives lag-average variance C/T'; stationarity gives
its exact expectation (1—|j|/T) E;[UioVi;]. The oracle lag statistics have L? error O(T~/2) relative
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to their population sums. On J;, replacing one factor at a time gives

1 .
T Z Z {&t&ii+j — &it&ipri}| < CDegj,

ljI<Ltelr(4)

1 P
T Z Z {8it&it+j — sitit+j}| < C(Ds,i + D).

liI<Ltelr(j)

On the complementary event the whole-space envelopes, with constants allowed to depend on the
fixed ¢y, are

Hl?X ’é\lt| < CT1/4’ ‘6@57” < CT1/47 |§l| < CT1/27 |Bl| < CT3/4'

Their L? contributions on JF are these polynomials multiplied by Cexp(—cT/2). On J;, sub-
tract (6.2) from (6.10) and replace factors to obtain

18; = Bil < C(IG~1 = G Y + [Caei — Coeil
This completes all moment bounds. Markov’s inequality yields the average square bound. Finally

P(N;J;) > 1 — CN exp(—cT) — 1, which gives the maximum bound. Finite dependence has been
applied only to the oracle arrays, never to the estimated influences using the full history. O

G.5 Correction, Variance, and the Limit Distribution

Proof of Theorem 6.2. Consistency of all three channels. Lemma G.4, bounded third deriva-
tives of the oracle score, and max; |d;| = O,(br) imply

max [ e — gy se| + max [ —uil] = Op(br + KNG/T+T7) = 0,(1).

Here one first replaces coefficients at &;, using the fitted derivatives through order two, then moves
the oracle score back to «;. For the reuse channel, the exact difference is

51 1 n¢t 1
B&() _Bg() NTZ Z Z z(t)K z(t)K)gltJFJ

i |jI<Ltelr (i)

+ ﬁ Y>> ¢it7K(5i,t+j = &it+s)

i |jISLtelr(j)

1
NT Y {¢§;);<§i,t+j - Ei[w,ﬁ}(&,m]}

i |jI<Ltelr(j)
1 . 1
- NT Z Z ‘]‘Ei[wz(o,)[(fij]‘
i |§I<L

The four terms have respective orders o,(1), Op(T~2), O,((NT)~1/?), and O(T~1): use derivative
consistency and Lemma G.5 for the first two, finite-range variance and independent units for the
third, and the exact window weights for the fourth.
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For the first-step channel, expand

fir Bi — pixcBi = (ke — @S())Bz + @S() — i) Bi + pirc (Bi — i),
1/2 1/2
1 — ~ 1 _ 1
I Z \(1/15}() — pir)Bil < {N Z(@bﬁg — ,uiK)Q} {N 2@2} — 0,(T"V?).

The average absolute values of the other two terms are 0,(1) and O,(T~'/?). The same three-
factor decomposition with (1)), i, 3) replaced by (1/)(2),1, Q) proves curvature consistency. No
independence between these fitted factors is used. Thus Bx — Bg = 0,(1).

Oracle influence and positive variance. At the true coordinate,

UD K =V ~+ T, gk = e+ rp —bg(v+ 1),
Oatit i (i) = —Oampc{e + 1 — b (v + 7))}
- (U + Tm){aahl{ - bKaamK}.

Taking expectation over (X, v,¢) eliminates the terms linear in v or € and proves (6.5). Together
with (G.1), it gives

sup \ikc| < C’)\?in{Tm:Th}’ sup 18| < C, |B§?)| < C)\Ein{Tm’Th} =0,
K3 3

sup [t i (i) — viegiel| 2 = 0,
7

sup || it — V_lvz‘ﬂz‘tHLg — 0.
(2

The centered influence is defined in (6.12). The last bound also centers the oracle score, because
E[vitei] = 0. For each of the finitely many lags, Cauchy—Schwarz transfers this bound to the
covariance products. Therefore

1 .
TkNT = N >0 (1= 51/T) Eilgio,k bij.x] — 0% > 0.
i |5|I<L

Feasible variance and cluster limit. Use the uncentered oracle (b?t’K = J];I{wit,l((ai) +
wir&it}. Its diﬁ’Aerence from ¢ is constant within each unit. Lemma G.4 arld the first-step moment
bounds give [ — ||nr2 = 0p(1), N71 30 (flire — pirc)? = 0p(1), and [|€ = £|lnm2 = Op(T~13).
Replacing the coordinate factors and the denominator gives

7

1/2
i 1 -
[E€ — pélnr2 < max &t {N > (fik — Nz’K)Z} + Cll€ = ElInT2 = 0p(1),

16— °llnre < [Tt — Tl + w€llnre + 1T KW — ¥llvra + A€ — néllnra} = 0p(1).

The centered oracle is stationary and finite-range with bounded fourth moments. The preceding
paragraph establishes the variance limit a%(NT — 02 > 0. Lemma E.5 therefore proves the raw
variance consistency and N~1/2 > ®ir i~ N(0,02). The smooth procedure’s positive variance
floor is inactive with probability approaching one.

Final profile expansion.  Substitute (G.3) into the exact profile identity and subtract (6.11).
On Or this gives

~

~ 1 ~ .
VNT (O — bp) = JKlﬁ > @ik +V/N/T J' (Bk — Br)
2t

— VNTj};le,—yr@Keﬁ + \/NT(QK — 90) +Op(1).
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The correction error is 0,(1) by the first part of the proof. The profile term is O, (KA */T) = 0,(1)
by Lemma G.4. The target term is O(T )\}”JFT’L) = o(1) by the projection-error product identity.
The score remainder after multiplication by v NT is Op(N “12 L 72y = op(1). The leading
centered sum is O,(1), so jl_{l can be replaced by Ji'. This proves (6.13), and variance consistency
gives studentization by Slutsky’s theorem. The preceding arguments first proved P(Or) — 1, so all
conclusions transfer to the globally reported procedure. Finally, omit the correction subtraction to
obtain (6.14); a fixed noncentral limit additionally requires convergence of By, as stated. O
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